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Tight trade-off relation and optimal measurement for multiparameter quantum estimation
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In multiparameter quantum estimation, the optimal measurements for different parameters encoded in a
quantum state are in general incompatible, giving rise to nontrivial tradeoffs between their attainable levels of
precision. Understanding and characterizing such tradeoffs is essential for determining the ultimate precision
limits in multiparameter quantum estimation, and it is therefore a central topic in quantum metrology. In
this article, we present an approach that precisely quantifies the tradeoff resulting from incompatible optimal
measurements in multiparameter estimation. We derive a tight analytical tradeoff relation that determines the
ultimate precision limits for estimating an arbitrary number of parameters encoded in pure quantum states.
Additionally, we provide a systematic methodology for constructing optimal measurements that saturate this
tight bound in an analytical and structured manner. To demonstrate the power of our findings, we apply our
methodology to quantum radar, resulting in a refined Arthurs-Kelly relation that characterizes the ultimate
performance for the simultaneous estimation of range and velocity.
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I. INTRODUCTION

Quantum metrology harnesses quantum-mechanical phe-
nomena, such as superposition and entanglement, to surpass
the precision limits achievable in classical metrology. There
is now a good understanding of the local precision limit for
single-parameter quantum estimation [1–5], where the pre-
cision limit can be quantified by the quantum Cramér-Rao
bound [2]. However, practical applications frequently in-
volve multiple parameters, posing a more complex challenge.
Advancing our understanding of multiparameter quantum
estimation is crucial, especially in applications such as quan-
tum sensing, quantum imaging, and quantum communication,
where accurate estimation of multiple parameters is required.

An estimation scheme typically consists of three stages:
probe-state preparation, the application of coherent controls
during the evolution, and a final measurement. A key feature
that distinguishes multiparameter quantum estimation from
the single-parameter case is that schemes that are individually
optimal for different parameters can be mutually incompati-
ble. At each stage, a design tailored to enhance sensitivity for
one subset of parameters may be suboptimal or even detrimen-
tal for another, giving rise to probe incompatibility, control
incompatibility, and measurement incompatibility. These
incompatibilities lead to nontrivial tradeoffs in the achievable
precision for different parameters, and quantifying such trade-
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offs has become a central focus in quantum metrology [6–44],
as it is essential for identifying the ultimate precision limits
in multiparameter estimation tasks. In this work, we focus on
measurement incompatibility—the absence of a single mea-
surement that is simultaneously optimal for all parameters.
This directly reflects the fundamental restriction imposed by
noncommuting observables in quantum mechanics.

When measurements can be applied in a collective manner
on infinite copies of quantum states, the Holevo bound serves
as a theoretical limit for the precision that can be achieved in
multiparameter quantum estimation [1,6,35–37,45]. However,
evaluating the Holevo bound typically requires numerical cal-
culations [6,13,14,41,45], which limits the insights gained
from it. Furthermore, practical measurements can only be
performed collectively on a finite number of quantum states,
under which the Holevo bound may not be achievable. For
practical separable measurements, which are performed on
each copy of the quantum state separately, Nagaoka intro-
duced a bound for two-parameter estimation that is tighter
than the Holevo bound [15,16], later generalized by Conlon
et al. to the Nagaoka-Hayashi bound for an arbitrary number
of parameters [17]. However, these bounds generally require
numerical optimization for evaluation and are not tight in most
cases. Alternatively, analytical bounds such as the Gill-Massar
bound [9] and the Lu-Wang bound [12] provide explicit ex-
pressions that quantify the precision tradeoffs arising from the
incompatibility of separable measurements in multiparameter
quantum estimation. Although these bounds are insight-
ful, they are only tight in specific scenarios. Furthermore,
systematic procedures for constructing optimal measurements
that achieve these bounds are lacking.
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Here, we present an analytical tight tradeoff relation for
the estimation of an arbitrary number of parameters encoded
in pure quantum states. Additionally, we introduce a sys-
tematic approach that enables the analytical construction of
optimal separable measurements capable of saturating this re-
lation. The structured approach offers significant insights into
the interplay between the estimation of various parameters,
making it possible to optimize the performance of various
quantum technologies that are related to multiparameter quan-
tum estimation. As a demonstration, we apply the approach
to quantum radar and quantify the fundamental limit for
simultaneous estimation of the range and velocity. We con-
sider two distinct scenarios: one involving separable photon
sources and the other utilizing entangled biphoton sources. In
the case of separable photon sources, we provide systematic
constructions of the optimal measurement that saturate the
Arthurs-Kelly relation [46]. This allows us to achieve the
fundamental limit for simultaneously estimating the range
and velocity in quantum radar with separable photons. For
the case of entangled biphoton sources, we derive a refined
Arthurs-Kelly relation that quantifies the ultimate precision
for simultaneous range and velocity estimation using biphoton
states with any given amount of entanglement. This refined
relation precisely quantifies the gain provided by the entan-
glement in the quantum radar.

The article is organized as follows: In Sec. II we introduce
the measure of the tradeoff induced by the incompatibility of
optimal measurements; in Sec. III we present the analytical
tight tradeoff relation and optimal measurement that saturates
the tight bound for the estimation of an arbitrary number of
parameters in pure states; in Sec. IV we extend the bound to
mixed states; and in Sec. V we illustrate the general proce-
dure with three examples: (1) estimating multiple parameters
encoded in squeezed coherent states, (2) simultaneous estima-
tion of the range and velocity with both separable photons and
entangled biphoton states in quantum radar, and (3) an imple-
mentation of multiparameter estimation on a cloud quantum
superconducting platform. This paper is an extended compan-
ion to [47].

II. MEASUREMENT INCOMPATIBILITY IN
MULTIPARAMETER QUANTUM ESTIMATION

In general, to estimate a parameter, x, encoded in a
quantum state, ρx, a positive operator-valued measurement
(POVM), denoted by {Mm � 0|∑m Mm = I}, needs to be per-
formed on the state whereby the probability of obtaining the
measurement result m is given by p(m|x) = Tr(Mmρx ). An
estimator can then be constructed from the results obtained.
In the case of estimating a single parameter, the variance of
any locally unbiased estimator is limited by the Cramér-Rao
bound [48] as δx̂2 � 1

νFC
, where δx̂2 = E [(x̂ − x)2] is the

variance of the locally unbiased estimator, ν is the number of
copies, and FC = ∑

m
[∂x p(m|x)]2

p(m|x) is the Fisher information [49].
Regardless of the choice of measurement, the variance is
always further bounded by the quantum Cramér-Rao bound
(QCRB) [1,2] as

δx̂2 � 1

νFC
� 1

νFQ
, (1)

where FQ = Tr(ρxL2) is the quantum Fisher information, with
L as the symmetric logarithmic derivative (SLD) operator,
which can be obtained implicitly from the equation ∂xρx =
1
2 (ρxL + Lρx ). In the instance of estimating a single param-
eter, it is always possible to find a measurement under which
FC = FQ, which makes the QCRB attainable. The projective
measurement on the eigenspaces of the SLD is an exemplary
method for the optimal measurement that attains the QCRB.
Thus, the SLD is an optimal observable for the estimation of
the corresponding parameter.

When estimating multiple parameters, where x =
(x1, . . . , xn) is a vector, the QCRB generalizes to

Cov(x̂) � 1

ν
F−1

C � 1

ν
F−1

Q , (2)

where Cov(x̂) is the covariance matrix for locally unbi-
ased estimators, x̂ = (x̂1, . . . , x̂n), with Cov(x̂) jk = E [(x̂ j −
x j )(x̂k − xk )], FC is the Fisher information matrix with the

jkth entry given by (FC ) jk = ∑
m

∂x j p(m|x)∂xk p(m|x)

p(m|x) , and FQ is
the quantum Fisher information matrix (QFIM) with (FQ) jk =
1
2 Tr(ρx{Lj, Lk}), where Lq is the SLD for xq with ∂xqρx =
1
2 (ρxLq + Lqρx ). In this article, we assume all parameters are
locally identifiable, so that the quantum Fisher information
matrix is invertible. The study of singular QFIMs [50–54] lies
beyond the scope of this work.

In contrast to the single-parameter scenario, the mul-
tiparameter QCRB is generally not saturable due to the
incompatibility of optimal measurements for different pa-
rameters, leading to complex tradeoffs between the precision
limits of various parameters. A necessary and sufficient con-
dition for achieving the multiparameter QCRB is the weak
commutativity condition: Tr(ρx[Lj, Lk]) = 0, ∀ j, k. When
this condition holds, the optimal measurement that saturates
the QCRB for pure states has been identified [6,55]. However,
scenarios where the weak commutativity condition is vio-
lated remain far less understood. Elucidating the gap between
FC and FQ in such general settings, along with construct-
ing the optimal measurement that minimizes this gap, are
critical for determining the ultimate precision limits in mul-
tiparameter quantum estimation. These challenges currently
represent a central focus in multiparameter quantum metrol-
ogy [6–41,56].

To assess the disparity between the classical Fisher in-
formation matrix and the quantum Fisher information matrix
caused by measurement incompatibility, two metrics are com-
monly employed: Tr(F−1

Q FC ) and Tr(FQF−1
C ) [6–9,11,18–20].

These metrics are invariant under reparametrization and quan-
tify the similarity between the classical and quantum Fisher
information matrices. Since FC is always less than or equal
to FQ (i.e., FC � FQ), it follows that Tr(F−1

Q FC ) � n, where
n is the number of parameters. The equality Tr(F−1

Q FC ) = n
holds only when there is no incompatibility, meaning there
exists a measurement such that FC = FQ. The discrepancy
between Tr(F−1

Q FC ) and n quantifies the tradeoff [7,8]. Sim-
ilarly, for the second metric we always have Tr(FQF−1

C )�n,
and the difference between Tr(FQF−1

C ) and n also quan-
tifies the tradeoff. The two quantities are related through
the Cauchy-Schwarz inequality as Tr(FQF−1

C ) � n2

Tr(F−1
Q FC )

. An
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upper bound of Tr(F−1
Q FC ) can be immediately converted to

a lower bound on Tr(FQF−1
C ) through the Cauchy-Schwarz

inequality. However, the converse is not true: a lower bound
on Tr(FQF−1

C ) cannot be directly transformed into an up-
per bound on Tr(F−1

Q FC ) [7]. Moreover, an upper bound
on Tr(F−1

Q FC ) can be converted to a lower bound on
Tr(G Cov(x̂)) for any G � 0 via the inequality

ν Tr[G Cov(x̂)] �
(

Tr
√

F
− 1

2
Q GF

− 1
2

Q

)2

Tr
(
F−1

Q FC
) , (3)

which can be further used to bound other incompatibility
measures defined in [19] (see Appendix F for a discussion).
For these reasons, in this article we shall use Tr(F−1

Q FC ) as
the primary metric.

III. TIGHT TRADEOFF RELATION
AND OPTIMAL MEASUREMENT

Here, we present a tight analytical tradeoff relation for
estimating an arbitrary number of parameters encoded in pure
quantum states, addressing the general scenario where the
weak commutativity condition may not hold. In addition, we
provide an analytical construction of the optimal measurement
that saturates this tradeoff relation.

We first present the results for the estimation of two pa-
rameters encoded in a pure state, then extend it to an arbitrary
number of parameters. Note that since Tr(F−1

Q FC ) is invariant
under reparametrization, we can, without loss of generality,
assume that the QFIM is the identity matrix, FQ = I . This

can be achieved by the reparametrization with x̃ = F
1
2

Q x un-

der which F̃Q = I and F̃C = F
− 1

2
Q FCF

− 1
2

Q , where the metric
Tr(F̃−1

Q F̃C ) = Tr(F̃C ) = Tr(F−1
Q FC ) is invariant.

A. Tight tradeoff relation and optimal measurement
for two parameters

Now consider the estimation of two parameters, x =
(x1, x2), encoded in a pure state |�x〉, with associated sym-
metric logarithmic derivatives (SLDs) L1 and L2. In general,
the SLDs associated with different parameters may not
commute. As a result, the optimal measurement cannot be
directly obtained from the eigenvectors of the SLDs. One ap-
proach to address this challenge is to utilize the measurement
uncertainty relation [46,57–68]. This involves constructing
commuting observables that can approximate the SLDs.
These approximations inevitably introduce residual errors, a
direct manifestation of the tradeoff induced by the incompati-
bility of the SLDs [12].

For any positive operator-valued measure (POVM) {Mm}
acting on |�x〉, it is always possible to realize it as a pro-
jective measurement {|m〉〈m|} on an extended state |�x〉|ξ 〉
with |ξ 〉 as an ancillary state. Based on the projective mea-
surement, we construct a set of commuting observables
{Oj = ∑

m f j (m)|m〉〈m|} with real coefficients f j (m) ∈ R.
These commuting observables serve as approximations to the
SLDs of the extended state, {Lj ⊗ I}, where I is the identity
operator on the ancilla (see Fig. 1). The mean-squared error of

FIG. 1. Incompatibility in multiparameter quantum estimation.
For a single parameter x j , the optimal measurement is given by
the eigenvectors of the SLD operator Lj . However, multiple SLDs
for different parameters in general cannot be implemented via a
single measurement {Mm}, necessitating approximations of {Lj} with
another set of observables {Oj}.

the approximation is given by [46,57–67]

ε2
j = 〈ξ |〈�x|(Oj − Lj ⊗ I )2|�x〉|ξ 〉. (4)

Under a given measurement, {|m〉〈m|}, the probability of
obtaining the measurement result, m, is given by pm(x) =
|〈m|�x〉|ξ 〉|2. The optimal choice of f j (m) that minimizes

ε2
j is given by f j (m) = ∂x j pm (x)

pm (x) (see Appendix A for detailed
derivation). We then define the vectors

|l j〉 = Lj ⊗ I|�x〉|ξ 〉, |o j〉 = Oj |�x〉|ξ 〉. (5)

The mean-squared error can then be expressed as the Eu-
clidean distance between |l j〉 and |o j〉 as ε2

j = ‖|o j〉 − |l j〉‖2,
where ‖|v〉‖2 = 〈v|v〉. With the optimal choice f j (m) =
∂x j pm (x)

pm (x) , we have 〈o j |o j〉 = ∑
m

[∂x j pm (x)]2

pm (x) = (FC ) j j, which
corresponds to the diagonal element of the classical Fisher
information matrix. Similarly, the off-diagonal terms satisfy

〈o j |ok〉 = 〈ok|o j〉 = ∑
m

∂x j pm (x)∂xk pm (x)

pm (x) = (FC ) jk . Meanwhile,
we also have Re〈l j |lk〉 = (FQ) jk , Re〈o j |l j〉 = (FC ) j j , where
Re denotes the real part (see Appendix A for derivation). From
these relations, it follows that ε2

j = (FQ) j j − (FC ) j j , showing
that the error in approximating the SLDs with commuting
observables is precisely the gap between the quantum Fisher
information and the classical Fisher information.

We now determine the optimal measurement and the cor-
responding vectors {|oj〉} that minimize the total error∑

j=1,2

ε2
j =

∑
j=1,2

‖|o j〉 − |l j〉‖2 = Tr(FQ − FC ). (6)

Under the parametrization where FQ = I , we have
Tr(F−1

Q FC ) = Tr(FC ) and∑
j=1,2

ε2
j = Tr(FQ − FC ) = 2 − Tr(FC ). (7)

A key observation is that, for any measurement, the in-
ner product 〈o1|o2〉 = ∑

m f1(m) f2(m)pm(x) is strictly real.
Hence, its imaginary part vanishes: Im〈o1|o2〉 = 0. This pro-
vides an intuitive explanation for why the weak commutativity
condition is necessary for saturating the quantum Cramér-
Rao bound. The weak commutativity condition requires
1
2i 〈ξ |〈�x|[L1 ⊗ I, L2 ⊗ I]|�x〉|ξ 〉 = Im〈l1|l2〉 = 0. If this con-
dition is violated (Im〈l1|l2〉 �= 0), {|o1〉, |o2〉} cannot perfectly
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match {|l1〉, |l2〉}, and the root-mean-squared errors ε j cannot
all vanish. Consequently, FC cannot equal FQ under any mea-
surement.

As (FQ) jk = Re〈l j |lk〉, when FQ = I , the following hold:
〈l1|l1〉 = 〈l2|l2〉 = 1, Re〈l1|l2〉 = 0. Thus 〈l1|l2〉 is purely
imaginary and can be expressed as 〈l1|l2〉 = iβ, β ∈ R. Apply-
ing the Cauchy-Schwarz inequality |〈l1|l2〉|2 � 〈l1|l1〉〈l2|l2〉
yields |β| � 1. In Appendix B, we show that for given |l1〉
and |l2〉 with 〈l1|l2〉 = iβ, the total approximation error is
bounded below by ε2

1 + ε2
2 � 1 −

√
1 − β2. Combining this

with Eq. (7), we then have

Tr(FC ) � 1 +
√

1 − β2. (8)

This bound is tight, and we will now provide the optimal
{|oj〉} that saturates the bound (see the detailed derivation in
Appendix B).

When |β| < 1, the optimal {|oj〉} are

|o1〉 = a|l1〉 − ib|l2〉, |o2〉 = ib|l1〉 + a|l2〉, (9)

where a = 1+cos φ

2 cos φ
, b = − sin φ

2 cos φ
, φ = arcsin β, φ ∈ (−π

2 , π
2 ).

In this case, the classical Fisher information matrix, which can
be obtained with (FC ) jk = 〈o j |ok〉, is

FC =
⎛
⎝ 1+

√
1−β2

2 0

0
1+

√
1−β2

2

⎞
⎠ = 1 +

√
1 − β2

2
I.

When |β| = 1, we have |〈l1|l2〉| = 1, where |l1〉 and |l2〉
are linearly dependent. In this case, we can arbitrarily choose
a |l⊥〉, which satisfies Im〈l⊥|l1〉 = 0, 〈l⊥|�x〉|ξ 〉 = 0, and
〈l⊥|l⊥〉 = 1. The optimal {|o j〉} can then be constructed as

|o1〉 = 1

2
(1 − sin 2ϕ)|l1〉 + i

2
β cos 2ϕ|l⊥〉,

|o2〉 = i

2
β(1 + sin 2ϕ)|l1〉 + 1

2
cos 2ϕ|l⊥〉, (10)

where ϕ can take any real value. In this case,

FC =
(

1
2 (1 − sin 2ϕ) 1

2 cos 2ϕ Re〈l⊥|l1〉
1
2 cos 2ϕ Re〈l⊥|l1〉 1

2 (1 + sin 2ϕ)

)
. (11)

The bound is saturated for any |l⊥〉 and ϕ. If we choose a
|l⊥〉 that is orthogonal to |l1〉 (which is always possible—for
instance, by taking |l⊥〉 = |
〉|ξ⊥〉, where |ξ⊥〉 is orthogonal
to |ξ 〉 and |
〉 is an arbitrary state), then FC becomes diagonal.
Further setting ϕ = 0 yields FC = 1

2 I . Notably, when |β| = 1,

this can equivalently be expressed as
1+

√
1−β2

2 I . Thus for all
β, there exists a classical Fisher information matrix as FC =
1+

√
1−β2

2 I that saturates the bound in Eq. (8).
We now construct the optimal measurement, {|m〉〈m|}, that

saturates the bound. First note that in the measurement ba-
sis, {Oj = ∑

m f j (m)|m〉〈m|} are diagonal with real diagonal
entries. We can write the state in the measurement basis as
|�x〉|ξ 〉 = ∑

m cm|m〉. If cm /∈ R, we can write cm = rmeiφm

with rm ∈ R and let |m̃〉 = eiφm |m〉, then |�x〉|ξ 〉 = ∑
m rm|m̃〉

where {|m̃〉〈m̃|} are the same projective measurement as
{|m〉〈m|}. Thus without loss of generality, we assume cm ∈ R.

Then

|o j〉 =
∑

m

f j (m)|m〉〈m|�x〉|ξ 〉 =
∑

m

f j (m)cm|m〉 (12)

with f j (m)cm ∈ R. {|o j〉} are thus real vectors in the measure-
ment basis.

To get the measurement basis, {|m〉〈m|}, under which
{|�x〉|ξ 〉, |o1〉, |o2〉} are all real, we first perform the Gram-
Schmidt orthonormalization on {|�x〉|ξ 〉, |o1〉, |o2〉} and let

|a0〉 = |�x〉|ξ 〉,

|a1〉 = |o1〉√〈o1|o1〉
,

|a2〉 = |o2〉 − 〈a1|o2〉|a1〉√
〈o2|o2〉 − |〈a1|o2〉|2

. (13)

Here the fact that |o1〉 and |o2〉 are orthogonal to |�x〉|ξ 〉
has been used. These vectors can be expanded into a com-
plete basis by adding additional orthonormal vectors {|aj〉|3 �
j � d − 1}, where d is the total dimension. Note that if
{|�x〉|ξ 〉, |o1〉, |o2〉} have real entries in a basis, the entries of
{|a0〉, |a1〉, |a2〉} are also real in that basis.

To find a basis in which {|a j〉} are real, we require a unitary
transformation that maps {|a j〉} to a set of real orthonormal
vectors {|b j〉}. Let the columns of matrix A be the vectors
{|a j〉} and let the columns of a real orthogonal matrix B be the
vectors {|b j〉}. The unitary that performs the change of basis is
then U = BA−1. The measurement basis can then be taken as
the rows of U , i.e., if the mth row of U is 〈m|, |bj〉 is precisely
the representation of |a j〉 in the basis of {|m〉}. This follows
because B = UA, so that |bj〉 = U |a j〉, and the mth entry of
|b j〉 is then exactly 〈m|a j〉, 0 � j � d − 1.

The matrix B can be taken as any real orthogonal matrix
whose first column, i.e., |b0〉, corresponds to the represen-
tation of |�x〉|ξ 〉 in the basis of {|m〉}, has no zero entries.
As in this case, we can always choose proper f j (m) to get
the optimal |o j〉 = ∑

m f j (m)|m〉〈m|�x〉|ξ 〉, specifically we
can take f j (m) = 〈m|o j 〉

〈m|�x〉|ξ〉 when 〈m|�x〉|ξ 〉 �= 0. Therefore,
for any real orthogonal matrix, B, whose first column has
no zero entries, the rows of U = BA−1 form the basis for
the optimal projective measurement that saturates the tight
tradeoff relation. In special cases, the requirement on |b0〉
may be relaxed: if the mth entry of both |o1〉 and |o2〉 in the
measurement basis are zero, then 〈m|�x〉|ξ 〉 may also be zero
because the relation |o j〉 = ∑

m f j (m)|m〉〈m|�x〉|ξ 〉 can still
hold with the mth entry of both sides vanishing.

B. Tight tradeoff relation and optimal measurement
for an arbitrary number of parameters

For an arbitrary number of parameters, x = (x1, . . . , xn),
encoded in a pure state |�x〉, we denote the correspond-
ing SLDs as {Lj}. For any projective measurement {|m〉〈m|}
on the system + ancilla, we can similarly define Oj =∑

m f j (m)|m〉〈m| and

|l j〉 = Lj ⊗ I|�x〉|ξ 〉, (14)

|o j〉 = Oj |�x〉|ξ 〉, (15)
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where j ∈ {1, . . . , n} and |ξ 〉 is an ancillary state. The mean-
squared error between Oj and Lj ⊗ I is then

ε2
j = 〈ξ |〈�x|(Oj − Lj ⊗ I )2|�x〉|ξ 〉
= ‖|o j〉 − |l j〉‖2. (16)

As in the two-parameter case, it can be similarly shown that
under any given measurement, with the optimal choice of
{ f j (m)} we have ε2

j = (FQ) j j − (FC ) j j .
We then define a matrix F whose jkth entry is Fjk =

〈l j |lk〉, which is the geometric tensor of |�x〉 [69–71]. The
real part of F is the QFIM, and the imaginary part, de-
noted as FIm, is proportional to the Berry curvature [72].
Since Tr(F−1

Q FC ) is invariant under reparametrization, we can
choose a parametrization under which FQ = I and FIm takes
the canonical block-diagonal form

FIm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 β1 0 . . .

−β1 0
0 · · · 0 β2

−β2 0
...

. . .
...

0 · · · 0 · · · 0 βr

−βr 0
0

. . .

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (17)

If the original parametrization does not exhibit this struc-

ture, we first make a reparametrization with x̃ = F
1
2

Q x, under

which F̃ = I + iF̃Im with F̃Im = F
− 1

2
Q FImF

− 1
2

Q . Because F̃Im is
antisymmetric, there exists an orthogonal matrix P such that
PF̃ImPT takes the block-diagonal form given in Eq. (17). A
second reparametrization x̆ = Px̃ then gives F̆Q = PIPT = I
and F̆Im = PF̃ImPT , which has the desired canonical structure.
Note that the eigenvalues of F̆Im are the same as those of

F̃Im = F
− 1

2
Q FImF

− 1
2

Q .
Hence, without loss of generality we assume FQ = I

and FIm as given in Eq. (17). Under this parametrization,
Tr(F−1

Q FC ) = Tr(FC ) and
∑

j ε
2
j = n − Tr(FC ). For each pair

1 � j � r, we have

ε2
2 j−1 + ε2

2 j � 1 −
√

1 − β2
j , (18)

where the equality can be saturated by the optimal choices of
{|o2 j−1〉, |o2 j〉}, which are in the subspace spanned by |l2 j−1〉
and |l2 j〉 (if |β j | = 1, we replace |l2 j〉 with a |l j⊥〉 that is
orthogonal to all {|l j〉}). For indices k > 2r we have ε2

k � 0,
and the equality can be attained by choosing |ok〉 = |lk〉. Con-

sequently,
∑n

q=1 ε2
q � ∑r

j=1(1 −
√

1 − β2
j ), which implies

Tr(FC ) � n −
r∑

j=1

(
1 −

√
1 − β2

j

)
. (19)

The bound can be expressed compactly using the eigenvalues
of FIm, {λ1, . . . , λn} = {±iβ1, . . . ,±iβr, 0, . . . , 0}, as

Tr(FC ) � n − 1

2

n∑
q=1

(1 −
√

1 − |λq|2). (20)

For arbitrary parametrization with general F = FQ + iFIm,
the bound can be written as

Tr
(
F−1

Q FC
)

� n − 1

2

n∑
q=1

(1 −
√

1 − |λq|2), (21)

where {λq} are eigenvalues of F
− 1

2
Q FImF

− 1
2

Q .
We note that different |l j〉 that correspond to dif-

ferent blocks are orthogonal to each other, the ob-
tained set of {|oj〉} satisfies 〈o j |ok〉 ∈ R, ∀ j, k ∈ {1, . . . , n}.
The optimal measurement can then be constructed from
{|�x〉|ξ 〉, |o1〉, . . . , |on〉} in a similar way. We first perform
Gram-Schmidt orthonormalization on these vectors and ob-
tain a set of orthonormal vectors {|aj〉} with 0 � j � n, here
|a0〉 = |�x〉|ξ 〉. These vectors are then extended into a com-
plete basis of the system–ancilla Hilbert space by adding
additional orthonormal vectors {|an+1〉, . . . , |ad−1〉}, with d
the total dimension.

For any measurement basis, {|m〉〈m|}, we may assume
without loss of generality that |�x〉|ξ 〉 is a real vector in
the measurement basis. Consequently, the vectors {|oj〉 =∑

m f j (m)|m〉〈m|�x〉|ξ 〉} are also real in this basis. Let A be
the matrix whose columns are {|a j〉} and B be any real orthog-
onal matrix whose first column has no zero entries, then the
rows of U = BA−1 form the basis for the optimal projective
measurement that saturates the bound.

In Appendix C, we explicitly verify the optimality of our
constructed measurement by computing FC from the measure-
ment outcomes and confirming that it saturates the derived
tradeoff relation. In Appendix E, we provide detailed compar-
isons between our bound and existing bounds [6–9].

A notable special case occurs in the estimation of 2d − 2
parameters encoded in a d-dimensional pure state. In this case,

the eigenvalues of F
− 1

2
Q FImF

− 1
2

Q always satisfy |λ j | = 1, ∀ j =
1, . . . , 2d − 2 (see Appendix E for details). Our general trade-
off relation then reduces to Tr(F−1

Q FC ) � 2d − 2 − 1
2 (2d −

2) = d − 1, which coincides with the Gill-Massar bound that
is known to be tight for this special case [9]. However, in
general, the Gill-Massar bound is not saturable.

IV. TRADEOFF RELATION FOR MIXED STATES
AND COLLECTIVE MEASUREMENT

The tradeoff relation can be extended to mixed states
via purification. For a mixed state, ρx = ∑

j λ j |� j〉〈� j |,
we consider a purification, |�x〉 = ∑

j

√
λ j | jE 〉|� j〉, where

{| jE 〉} are orthonormal vectors in the Hilbert space, HE ,
and TrE (|�x〉〈�x|) = ρx. A general positive operator-valued
measure (POVM), {Mm}, on the state ρx can always be real-
ized as a projective measurement, {|m〉〈m|}, on an extended
state ρx ⊗ |ξ 〉〈ξ | with |ξ 〉 as an ancillary state in the Hilbert
space, HA. Commuting observables, Oj = ∑

m f j (m)|m〉〈m|
with f j (m) ∈ R, can then be constructed from the projec-
tive measurement to approximate the SLDs of the extended
state, Lj ⊗ IA, here IA denotes the Identity operator on the
ancilla. The mean-squared error of the approximation is given
by [46,57–67]

ε2
j = Tr[(Oj − Lj ⊗ IA)2ρx ⊗ |ξ 〉〈ξ |]. (22)
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With the purified state, this can be written as

ε2
j = 〈ξ |〈�x|(IE ⊗ Oj − IE ⊗ Lj ⊗ IA)2|�x〉|ξ 〉. (23)

Again we first consider two parameters where x = (x1, x2) and
choose a parametrization under which FQ = I . Let |l j〉 = IE ⊗
Lj ⊗ IA|�x〉|ξ 〉, we can then get ε2

1 + ε2
2 � 1 −

√
1 − β2,

where β = Im〈l1|l2〉 = Im Tr(ρxL1L2), from which we can
similarly get Tr(FC ) � 1 +

√
1 − β2, which can be written

as Tr(F−1
Q FC ) � 1 +

√
1 − β2 under an arbitrary parametriza-

tion. For an arbitrary finite number of parameters, we can
similarly obtain

Tr
(
F−1

Q FC
)

� n − 1

2

n∑
q=1

(1 −
√

1 − |λq|2), (24)

where {λq} are eigenvalues of F
− 1

2
Q FImF

− 1
2

Q . Here FIm is the
imaginary part of F = FQ + iFIm with Fjk = Tr(ρxL jLk ). For
mixed states, this tradeoff relation is no longer tight since the
measurement can only be performed in the restricted space
HS ⊗ HA, not the whole space, HE ⊗ HS ⊗ HA. The bound can
be further tightened by combining the techniques in previous
studies [7,8,66].

The bound also holds for collective measurements per-
formed on k copies of the state, ρ⊗k

x . This can be seen easily by
treating ρ⊗k

x as a single state, whose quantum geometric tensor
satisfies F (k) = F (k)

Q + iF (k)
Im = k(FQ + iFIm ), so that F (k)

Q =
kFQ and F (k)

Im = kFIm. Consequently, (F (k)
Q )−

1
2 F (k)

Im (F (k)
Q )−

1
2 =

F
− 1

2
Q FImF

− 1
2

Q . Since the bound depends only on the eigenval-
ues of this matrix, it remains unchanged, yielding

Tr
((

F (k)
Q

)−1
F (k)

C

)
� n − 1

2

n∑
q=1

(1 −
√

1 − ∣∣λq

∣∣2), (25)

where {λq} are eigenvalues of (F (k)
Q )−

1
2 F (k)

Im (F (k)
Q )−

1
2 =

F
− 1

2
Q FImF

− 1
2

Q .
This can be used to obtain a lower bound on Tr(G Cov(x̂))

with collective measurements on k copies of state as (see the
derivation in Appendix F)

ν Tr(G Cov(x̂)) �
(

Tr
√

F
− 1

2
Q GF

− 1
2

Q

)2

n − 1
2

∑n
q=1(1 −

√
1 − ∣∣λq

∣∣2)
. (26)

V. EXAMPLES

A. Estimating multiple parameters in squeezed coherent states

We illustrate the general procedure with an example in-
volving the simultaneous estimation of multiple parameters
encoded in a continuous-variable Gaussian state.

We consider a squeezed coherent state, |η, r, 0〉 =
D(η)S(r)|0〉, where |0〉 is the vacuum state, D(η) is the dis-
placement operator,

D(η) = exp(ηa† − η∗a), (27)

and S(r) is the squeezing operator,

S(r) = exp
[ r

2
(a2 − a†2)

]
, (28)

with r the squeezing parameter. Here the parameters to be
estimated are η and r. Since η is complex, we have three real
parameters, x1 = Re η, x2 = Im η, and x3 = r.

The SLDs are given by

L1 = 2ex3 |η, r, 1〉〈η, r, 0| + 2ex3 |η, r, 0〉〈η, r, 1|,
L2 = 2ie−x3 |η, r, 1〉〈η, r, 0| − 2ie−x3 |η, r, 0〉〈η, r, 1|,
L3 = −

√
2|η, r, 2〉〈η, r, 0| −

√
2|η, r, 0〉〈η, r, 2|, (29)

where |η, r, k〉 = D(η)S(r)|k〉. The geometric tensor F =
FQ + iFIm can then be obtained with

FQ =
⎛
⎝4e2x3 0 0

0 4e−2x3 0
0 0 2

⎞
⎠, FIm =

⎛
⎝ 0 4 0

−4 0 0
0 0 0

⎞
⎠.

(30)

Since FQ �= I , we perform a reparametrization

(
x′

1
x′

2
x′

3

)
=

F
1
2

Q

⎛
⎝x1

x2

x3

⎞
⎠ under which F̃Q = I . The SLDs for the new param-

eters are

L′
1 = L1

2ex3
, L′

2 = L2

2e−x3
, L′

3 = L3√
2
. (31)

The transformed imaginary part becomes

F̃Im = F
− 1

2
Q FImF

− 1
2

Q =
⎛
⎝ 0 1 0

−1 0 0
0 0 0

⎞
⎠, (32)

whose eigenvalues are ±i and 0. The tradeoff relation is then

Tr
(
F−1

Q FC
)

� 1

2

∑
j

(1 +
√

1 − |λ j |2) = 2. (33)

To construct the optimal measurement, we let

|l1〉 = L′
1|η, r, 0〉 = |η, r, 1〉,

|l2〉 = L′
2|η, r, 0〉 = i|η, r, 1〉,

|l3〉 = L′
3|η, r, 0〉 = −|η, r, 2〉,

|l⊥〉 = |η, r, 3〉, (34)

where |l⊥〉 satisfies 〈η, r, 0|l⊥〉 = 〈l1|l⊥〉 = 〈l2|l⊥〉 = 0 and
〈l⊥|l⊥〉 = 1. Note that in this case no ancillary system is
required, and we can restrict attention to the subspace spanned
by {|η, r, 0〉, |η, r, 1〉, |η, r, 2〉, |η, r, 3〉} for the construction of
the optimal measurement, since projections outside this sub-
space do not contribute to the Fisher information.

The optimal |o1〉 and |o2〉 can be obtained from Eq. (10)
with ϕ = 0 as

|o1〉 = 1

2
|l1〉 + i

2
|l⊥〉 = 1

2
|η, r, 1〉 + i

2
|η, r, 3〉,

|o2〉 = i

2
|l1〉 + 1

2
|l⊥〉 = i

2
|η, r, 1〉 + 1

2
|η, r, 3〉, (35)

while |o3〉 can be taken as |o3〉 = |l3〉 = −|η, r, 2〉.
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Through Gram-Schmidt we then construct

|a0〉 = |η, r, 0〉,

|a1〉 =
√

2

2
|η, r, 1〉 + i

√
2

2
|η, r, 3〉,

|a2〉 = i
√

2

2
|η, r, 1〉 +

√
2

2
|η, r, 3〉,

|a3〉 = −|η, r, 2〉, (36)

which form an orthonormal basis for the four-dimensional
subspace spanned by {|η, r, 0〉, |η, r, 1〉, |η, r, 2〉, |η, r, 3〉}.
Within this subspace, we collect the vectors {|aj〉} into the
columns of a unitary matrix

A =

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0
√

2
2

i
√

2
2 0

0 0 0 −1

0 i
√

2
2

√
2

2 0

⎞
⎟⎟⎟⎟⎠, (37)

and choose a real orthogonal matrix

B =

⎛
⎜⎜⎜⎜⎝

1
2

1
2

1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2

1
2 − 1

2 − 1
2

1
2 − 1

2 − 1
2

1
2

⎞
⎟⎟⎟⎟⎠. (38)

The optimal measurement can then be taken as the projective
measurement in the basis given by the rows of U = BA−1

(see Appendix G for the explicit form of this basis). Similar
finite-dimensional projective measurements on continuous–
variable modes have been demonstrated in superconducting
platforms [73–75], confirming the feasibility of implementing
such measurements.

It can be explicitly verified that the classical Fisher infor-
mation matrix under this measurement is

FC =
⎛
⎝2e2x3 0 0

0 2e−2x3 0
0 0 2

⎞
⎠, (39)

which saturates the tradeoff relation,

Tr
(
F−1

Q FC
) = 2. (40)

B. Simultaneous estimation of range and velocity

We now apply our framework to quantum radar, addressing
the fundamental challenge of simultaneously estimating the
range and velocity of a moving target. While this problem
has been extensively investigated [76–84], the fundamental
precision limits have only been established in two extreme
scenarios: (i) using separable photons and (ii) assuming per-
fectly entangled biphoton states [76,79]. In the former case,
the fundamental limit is quantified by the Arthurs-Kelly
relation [46]. The latter case is unphysical, as real-world en-
tanglement is always finite. The fundamental limits for the
general case with any amount of entanglement have remained
unknown. This gap stems precisely from the incompatibility
between range and velocity estimation, which our method
directly addresses. We now derive a refined tradeoff relation
for the simultaneous estimation of the range and velocity

FIG. 2. Radar sensing of a target’s range and velocity using (a) a
single-photon state and (b) an entangled two-photon state.

with any amount of entanglement. This relation provides a
clear quantitative link between the attainable precision and the
degree of entanglement, thereby bridging the gap between the
known extremes and offering a fundamental benchmark for
quantum radar.

1. Model

The estimation of range and velocity in the pulsed quantum
radar is achieved by first sending a pulsed light to the target,
then detecting the light reflected back from the target. The
range can be estimated from the time of flight and the velocity
can be estimated from the Doppler shift of the frequency of
the reflected light. Following [76,79], we use Gaussian pulses
and adopt an ideal single-target model in the paraxial regime,
where the target acts as a perfect mirror with negligible back-
ground noise, as illustrated in Fig. 2(a) for the single-photon
sensing scheme.

A single-photon state in the frequency domain can be de-
scribed as

|ψ0〉 =
∫

dω ψ̃0(ω)|ω〉, (41)

where

ψ̃0(ω) =
(

1

2πσ 2
0

)1/4

exp

{
− (ω − ω̄0)2

4σ 2
0

+ iωt̄0

}
. (42)

Here ω̄0 is the central frequency, t̄0 is the central time, and
σ0 is the frequency bandwidth. |ω〉 = a†

ω|0̂〉, where a†
ω is the

creation operator of the mode with the frequency ω. The state
can also be represented in the time domain as

|ψ0〉 =
∫

dt ψ0(t )|t〉, (43)

where

ψ0(t ) =
(

2σ 2
0

π

)1/4

exp
{−(t − t̄0)2σ 2

0 − iω̄0(t − t̄0)
}
. (44)

Here |t〉 = a†
t |0̂〉, where a†

t is the creation operator of the
photon at time t .
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Now assume at t̄0 a target is at a distance x from the radar
station and moving away with radial velocity v, and a signal
photon in the state |t〉 is sent towards the target at time t . As at
time t the target is x + v(t − t̄0) away from the radar station,
the signal will reach the target after �t = x+v(t−t̄0 )

c−v
, and get

back to the radar station at the time

τ (t ) = t + 2�t = t + 2[x + v(t − t̄0)]

c − v
. (45)

From the linearity, the returned light of a general single-
photon state in Eq. (43) can be described as

|ψ〉 =
∫

dt ψ0(t )|τ (t )〉 =
∫

dτ ψ (τ )|τ 〉, (46)

where

ψ (τ ) =
(

2σ 2

π

)1/4

exp{−(τ − t̄ )2σ 2 − iω̄(τ − t̄ )} (47)

with

σ = c − v

c + v
σ0, t̄ = t̄0 + 2x

c − v
, ω̄ = c − v

c + v
ω̄0. (48)

In the classical case, pulses with multiple separable pho-
tons are sent and detected. In the quantum case, entangled
biphoton states can be used, as shown in Fig. 2(b), where
one photon acts as the signal, which is sent to the target,
and the other photon is kept at the station as the reference.
In the frequency domain, the two-photon state, which can be
generated via the spontaneous parametric down-conversion,
can be described as

|�0〉 =
∫

dω

∫
dωi�̃0(ω,ωi )|ω〉|ωi〉, (49)

where

�̃0(ω,ωi ) = Ñ0ei(ω+ωi )t̄0 exp

{
− 1

2(1 − κ2)

[
(ω − ω̄0)2

2σ 2
0

+ (ωi − ω̄i0)2

2σ 2
i0

+ κ (ω − ω̄0)(ωi − ω̄i0)

σ0σi0

]}
.

(50)

Here Ñ0 = 1√
2πσ0σi0(1−κ2 )1/4 is the normalization factor, and

κ ∈ [0, 1) quantifies the correlation between the signal and
the idler photon. When κ = 0, the state is separable. In the
limit κ → 1, the state approaches a perfectly entangled state,
which, however, is not physical and cannot be realized in
practice.

The biphoton state can also be written in the time domain
as

|�0〉 =
∫

dt
∫

dti�0(t, ti )|t〉|ti〉, (51)

with

�0(t, ti ) = N0 exp
{−iω̄0(t − t̄0) − iω̄i0(ti − t̄0)

− (t − t̄0)2σ 2
0 − (ti − t̄0)2σ 2

i0

+ 2κ (t − t̄0)(ti − t̄0)σ0σi0
}
, (52)

where N0 =
√

2σ0σi0
π

(1 − κ2)1/4.

Similarly, if the signal photon in state |t〉 is backscattered
by the target, it will return at the time given in Eq. (45). Hence,
the returned biphoton state is given by

|�〉 =
∫

dt
∫

dti�(t, ti )|t〉|ti〉, (53)

where

�(t, ti ) = N exp
{−iω̄(t − t̄ ) − iω̄i0(ti − t̄0) − (t − t̄ )2σ 2

− (ti − t̄0)2σ 2
i0 + 2κ (t − t̄ )(ti − t̄0)σσi0

}
, (54)

where the bandwidth σ , the central time t̄ , and the frequency
ω̄ are the same as in Eq. (48), and the normalization factor is

given by N =
√

2σσi0
π

(1 − κ2)1/4.

2. Precision limits with separable photons

We first study the precision limit with separable photons.
As shown in Eq. (48), the range and velocity are encoded
in the central time t̄ , frequency ω̄, and bandwidth σ of the
returned signal photons. The range x and velocity v can be
obtained from the central time t̄ and the frequency ω̄ in the
state of returned photon [79]. We will characterize the pre-
cision limit for the simultaneous estimation of (t̄, ω̄) in the
following. For a single-photon state,

|ψ〉 =
∫

dt ψ (t )|t〉, (55)

with

ψ (t ) =
(

2σ 2

π

)1/4

exp{−(t − t̄ )2σ 2 − iω̄(t − t̄ )}. (56)

In this case, the SLDs, Li = 2(|∂xiψ〉〈ψ | + |ψ〉〈∂xiψ |), with
x1 = t̄ and x2 = ω̄, can be obtained as

Lt̄ = 2σ |e1〉〈e2| + 2σ |e2〉〈e1|,

Lω̄ = i

σ
|e1〉〈e2| − i

σ
|e2〉〈e1|, (57)

where |e j〉 = ∫
dt e j (t )|t〉 for j = 1, 2, with

e1(t ) = ψ (t ), e2(t ) = 2σ (t − t̄ )ψ (t ). (58)

We can get FQ and FIm as

FQ =
(

4σ 2 0
0 1

σ 2

)
, FIm =

(
0 −2
2 0

)
. (59)

Since FIm �= 0, the incompatibility exists and the quantum
Cramér-Rao bound is not achievable. If we directly apply the
quantum Cramér-Rao bound, we will have σt̄σω̄ � 1

2σ
σ = 1

2 ,
where σt̄ and σω̄ denote the standard deviation of the estima-
tors. However, this violates the Arthurs-Kelly relation [46],
σt̄σω̄ � 1, which imposes a lower bound on the precision for
the simultaneous estimation of t̄ and ω̄ with separable pho-
tons. In this case, a key question is whether the Arthurs-Kelly
uncertainty relation is saturable and what optimal measure-
ment achieves the minimal tradeoff in precision. This can be
tackled with our approach.

We begin by computing the matrix F−1/2
Q FImF−1/2

Q , which
yields

F−1/2
Q FImF−1/2

Q =
(

0 −1
1 0

)
, (60)
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whose eigenvalues are {±i}. From the tradeoff relation in
Eq. (21), we get

Tr
(
F−1

Q FC
)

� 1 + √
1 − 1 = 1, (61)

which can be rewritten as 1
4σ 2 (FC )11 + σ 2(FC )22 � 1. Since

σ 2
t̄ � 1

(FC )11
and σ 2

ω̄ � 1
(FC )22

, we then have

1

4σ 2σ 2
t̄

+ σ 2

σ 2
ω̄

� 1

4σ 2
(FC )11 + σ 2(FC )22 � 1. (62)

In Appendix H 1, we provide explicit constructions of optimal
measurements that saturate the bound.

Since 1 � 1
4σ 2σ 2

t̄
+ σ 2

σ 2
ω̄

� 1
σt̄ σω̄

, the bound can recover the

Arthurs-Kelly relation, but not vice versa. For example, σ 2
t̄ =

1
4σ 2 and σ 2

ω̄ = 4σ 2 satisfy the Arthurs-Kelly relation but vio-
late the bound. The obtained bound is thus strictly stronger.

3. Precision limits with entangled photons

With an entangled biphoton state, the returned state is given
by

|�〉 =
∫

dt
∫

dti�(t, ti )|t〉|ti〉, (63)

where �(t, ti ) is given in Eq. (54). In this case, the SLDs,
Li = 2(|∂xi�〉〈�| + |�〉〈∂xi�|), can be given by

Lt̄ = σ
√

2(1 − κ )|e1〉〈e2| + σ
√

2(1 − κ )|e2〉〈e1|
+ σ

√
2(1 + κ )|e1〉〈e3| + σ

√
2(1 + κ )|e3〉〈e1|,

Lω̄ = i
√

2

2σ
√

1 − κ
|e1〉〈e2| − i

√
2

2σ
√

1 − κ
|e2〉〈e1|

+ i
√

2

2σ
√

1 + κ
|e1〉〈e3| − i

√
2

2σ
√

1 + κ
|e3〉〈e1|, (64)

where |e j〉 = ∫
dt

∫
dti e j (t, ti )|t〉|ti〉, j = 1, 2, 3, are or-

thonormal with

e1(t, ti ) = �(t, ti ),

e2(t, ti ) =
√

2(1 − κ )[σ (t − t̄ ) + σi(ti − t̄0)]�(t, ti ),

e3(t, ti ) =
√

2(1 + κ )[σ (t − t̄ ) − σi(ti − t̄0)]�(t, ti ). (65)

From the SLD operators, we directly obtain FQ and FIm as

FQ =
(

4σ 2 0
0 1

σ 2(1−κ2 )

)
, FIm =

(
0 −2
2 0

)
. (66)

If we make a reparametrization with(
t̄ ′
ω̄′

)
= F 1/2

Q

(
t̄
ω̄

)
, (67)

under which F̃Q = I , then

F̃Im = F
− 1

2
Q FImF

− 1
2

Q =
(

0 −√
1 − κ2

√
1 − κ2 0

)
. (68)

From the quantum Cramér-Rao bound, previous stud-
ies [79] have obtained a relation as

σt̄σω̄ �
√

1 − κ2

2
. (69)

This relation becomes tight in the limit κ → 1, where F̃Im = 0
and the quantum Cramér-Rao bound is saturable in this case.
But for the practical case where 0 � κ < 1, this relation is
not achievable—indeed, at κ = 0 it violates the Arthurs-Kelly
relation. A central challenge in quantum radar is therefore
to identify the fundamental bound for arbitrary entanglement
and the corresponding optimal measurement. This is exactly
what our methodology provides.

By applying the tradeoff relation in Eq. (21), we get

Tr
(
F−1

Q FC
)

� 1 +
√

1 − (1 − κ2) = 1 + κ, (70)

which can be equivalently written as 1
4σ 2 (FC )11 + σ 2(1 −

κ2)(FC )22 � 1 + κ . Since σ 2
t̄ � 1

(FC )11
and σ 2

ω̄ � 1
(FC )22

, we
then obtain the tradeoff relation

1

4σ 2σ 2
t̄

+ σ 2(1 − κ2)

σ 2
ω̄

� 1 + κ. (71)

Since
√

1−κ2

σt̄ σω̄
� 1

4σ 2σ 2
t̄

+ σ 2(1−κ2 )
σ 2

ω̄

, we can also obtain a multi-

plicative form as

σt̄σω̄ �
√

1 − κ√
1 + κ

. (72)

This represents a refined Arthurs-Kelly relation applicable
for general κ . It reduces to the classical Arthurs-Kelly re-
lation when κ = 0, and aligns with the relation in Eq. (69)
in the limit κ → 1. Thus, it unifies previous extreme-case
results and characterizes the ultimate performance of quan-
tum radar with arbitrary entangled biphoton states. Using this
refined relation, we can rigorously confirm that the heuris-
tic continuous-spectrum measurement proposed by Zhuang
et al. [76,79] is indeed optimal, as it saturates the refined
relation. Previously, this measurement was only known to
be optimal in the perfectly entangled limit (κ = 1) where
the QCRB is saturable. In Appendix H 2, we show how
this measurement fits into our framework and further show
that continuous outcomes are not essential: all extractable
information can be obtained via finite-outcome projective
measurements on a chosen subspace, which provides a route
to optimality in platforms where continuous-spectrum detec-
tion is challenging. The optimal measurements constructed
here are parameter-dependent, and their practical implemen-
tation therefore requires adaptive updates when the target
parameters are not known in advance.

We note that the characterization of the fundamental limit
is based on the ideal scenario without any noise. However,
the analysis can be extended to cases where photon loss is
the dominant source of noise; in such settings, performance
can be quantified by scaling the bound with the loss rate. For
more general noise models, the bound for the mixed state can
be employed, which is valid but is generally not tight, serving
as a loose benchmark.

C. Multiparameter estimation on a superconducting
quantum processor

In this section, we apply our general framework to a cloud-
based superconducting quantum processor. We consider two
multiparameter estimation tasks implemented on this plat-
form, which provide an independent demonstration of the
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theory and complement the theoretical examples presented
in Secs. V A and V B. The cloud superconducting proces-
sor, namely “ScQ-P136”(“Baiwang”), is accessed through the
Quafu cloud quantum computing platform whose single-qubit
gate fidelity exceeds 99% [85–87]. The layout and additional
details of the processor are provided in Appendix I.

The first demonstration aims to estimate two rotational
parameters, (α, θ ), encoded in a qubit state given by

|ψ (α, θ )〉 = Rz(−α)Ry(−θ )σx|0〉, (73)

where Ri(θ ) = e− i
2 θσi are the rotation operators with i ∈

{x, y, z}, and σx,y,z denote the Pauli X, Y, and Z gates, respec-
tively. The corresponding SLDs for this parametrized qubit
state are given by

Lα =
(

0 ieiα sin θ

−ie−iα sin θ 0

)
,

Lθ =
(

sin θ eiα cos θ

e−iα cos θ − sin θ

)
. (74)

FQ and FIm can then be obtained as

FQ =
(

sin2 θ 0
0 1

)
, FIm =

(
0 − sin θ

sin θ 0

)
, (75)

yielding

F
− 1

2
Q FImF

− 1
2

Q =
(

0 −1
1 0

)
. (76)

Accordingly, the fundamental tradeoff described by Eq. (21)
becomes

Tr
(
F−1

Q FC
)

� 1. (77)

This coincides with the Gill-Massar bound, which is known to
be tight for qubit state [9].

Our methodology yields infinitely many optimal measure-
ments, providing flexibility in practical implementation. This
versatility allows for the selection of measurement schemes
that require fewer number of multiqubit gates, thereby en-
hancing overall fidelity. Additionally, it enables the avoidance
of circuit configurations that are especially vulnerable to plat-
form noise.

To demonstrate this, we implement two distinct optimal
measurements, Mopt

1 and Mopt
2 , both of which saturate the

tradeoff relation under ideal conditions. Detailed circuit struc-
tures are provided in Appendix I. As shown in Fig. 3, although
both strategies are theoretically optimal, Mopt

2 outperforms
Mopt

1 in practice due to its fewer CNOT gate requirements,
making it less susceptible to platform noise.

In another demonstration, we consider the estimation of
three parameters (α1, θ1, γ1) encoded in a two-qubit state,

|ψ (α1, θ1, γ1)〉
= [I2 ⊗ Rz(α1)]CNOT[HRy(θ1) ⊗ Ry(γ1)]|00〉, (78)

where H is the Hadamard gate, and the CNOT gate uses the
first qubit as the control. In this case, FQ and FIm are given

FIG. 3. Approaching the fundamental tradeoff relation on quan-
tum computing platforms. (a) Tradeoff relation for estimating two
rotational parameters encoded in |ψ (α, θ )〉, with θ = π

6 . (b) Tradeoff
relation for estimating three parameters encoded in |ψ (α1, θ1, γ1)〉,
with α1 = π

8 , γ1 = π

4 . In both demonstrations, each data point is ob-
tained from N = 400 independent runs, each based on Nshots = 2000
measurement shots per measurement setting.

by

FQ =
⎛
⎝ 1

4 (3 + cos 2θ1 − 2 cos 2γ1 sin2 θ1) 0 0
0 1 0
0 0 1

⎞
⎠,

FIm =
⎛
⎝ 0 − cos θ1 cos γ1 sin θ1 sin γ1

cos θ1 cos γ1 0 0
− sin θ1 sin γ1 0 0

⎞
⎠,

(79)

and the eigenvalues of F
− 1

2
Q FImF

− 1
2

Q are

±i
√

2+2 cos 2θ1 cos 2γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

and 0. Accordingly, the tradeoff

relation in Eq. (21) becomes

Tr
(
F−1

Q FC
)

� 2 + 2|cos θ1 sin γ1|√
3 + cos 2θ1 − 2 sin2 θ1 cos 2γ1

. (80)
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The optimal measurement Mopt, which saturates the tradeoff
relation, is provided along with its corresponding quantum
circuit in Appendix I. For comparison, we also implement a
simpler, nonoptimal measurement M, realized as a projective
measurement onto the eigenbasis of σx ⊗ σx. This scheme
involves only two Hadamard gates and has lower circuit com-
plexity. As shown in Fig. 3(b), the presence of noise in the
circuit leads to a noticeable discrepancy between the mea-
sured performance and simulation results. Nevertheless, due
to the optimality of Mopt, Mopt still outperforms M, although
Mopt requires more complicated circuits.

VI. SUMMARY

The main challenge in multiparameter quantum estimation
lies in the incompatibility of optimal measurements for differ-
ent parameters, leading to fundamental tradeoffs in achievable
precision. In this work, we have presented a tight analytical
tradeoff relation that quantifies these precision limits for an ar-
bitrary number of parameters encoded in pure quantum states.
Our approach not only establishes the ultimate bounds but also
provides a systematic methodology for constructing optimal
separable measurements that saturate these limits. To demon-
strate the practical significance of our findings, we applied
our framework to quantum radar, where we derived a refined
Arthurs-Kelly relation that characterizes the ultimate preci-
sion for the simultaneous estimation of range and velocity. For
separable photon sources, we explicitly constructed the opti-
mal measurement achieving this bound, while for entangled
biphoton sources, we quantified the advantage provided by en-
tanglement. These optimal measurements are not unique—our
framework enables the construction of infinitely many such
measurements. This flexibility allows for the design of mea-
surement schemes that are more robust against practical noise,
a feature of practical relevance that we have demonstrated on
a cloud-based superconducting quantum computing platform.
These results highlight the transformative potential of our
methodology in advancing quantum metrology applications,
including sensing, imaging, and communication.

Our work offers a deeper understanding of the interplay
between incompatible parameters in quantum estimation and
provides a structured approach to optimizing measurement
strategies. Future research directions include extending these
results to mixed states and exploring further applications in
quantum-enhanced technologies.
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APPENDIX A: OPTIMAL APPROXIMATION
UNDER A GIVEN MEASUREMENT

With a given projective measurement, {|m〉〈m|}, we first
identify the optimal Oj = ∑

m f j (m)|m〉〈m| to approximate
Lj ⊗ I such that the mean-squared error

ε2
j = 〈ξ |〈�x|(Oj − Lj ⊗ I )2|�x〉|ξ 〉 (A1)

is minimized.
Since

ε2
j = 〈ξ |〈�x|

(∑
m

f j (m)|m〉〈m| − Lj ⊗ I

)2

|�x〉|ξ 〉

= 〈�x|L2
j |�x〉 +

∑
m

f j (m)2 pm(x)

− 2 f j (m) Re{〈ξ |〈�x|m〉〈m|Lj ⊗ I|�x〉|ξ 〉}
= 〈�x|L2

j |�x〉 + lim
x′→x

∑
m

pm(x′)

×
[

f j (m) − Re{〈ξ |〈�x′ |m〉〈m|Lj ⊗ I|�x′ 〉|ξ 〉}
pm(x′)

]2

− lim
x′→x

∑
m

Re{〈ξ |〈�x′ |m〉〈m|Lj ⊗ I|�x′ 〉|ξ 〉}2

pm(x′)
, (A2)

pm(x) = |〈m|�x〉|ξ 〉|2 is the probability of the measurement
result m. The limit x′ → x is nontrivial for the terms with
pm(x) = 0, where we have the elements with the type 0/0. The
optimal f j (m) under a given measurement is then

f j (m) = lim
x′→x

Re{〈ξ |〈�x′ |m〉〈m|Lj ⊗ I|�x′ 〉|ξ 〉}
pm(x′)

= lim
x′→x

1
2 Tr[|m〉〈m|{Lj ⊗ I, |�x′ 〉|ξ 〉〈ξ |〈�x′ |}]

pm(x′)

= lim
x′→x

Tr
[|m〉〈m|∂x′

j
(|�x′ 〉|ξ 〉〈ξ |〈�x′ |)]
pm(x′)

= lim
x′→x

∂x′
j
Tr[|m〉〈m||�x′ 〉|ξ 〉〈ξ |〈�x′ |]

pm(x′)

= lim
x′→x

∂x′
j
pm(x′)

pm(x′)
. (A3)

If pm(x′)|x′=x+dx = 0 up to any orders of dx, we can choose
f j (m) arbitrarily, which for convenience will be taken as 0.

Now let

|l j〉 = Lj ⊗ I|�x〉|ξ 〉, (A4)

|o j〉 = Oj |�x〉|ξ 〉. (A5)
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With the optimal choice of f j (m) under the given measure-
ment, we have

〈o j |ok〉

= lim
x′→x

∑
m

∂x′
j
pm(x′)∂x′

k
pm(x′)

pm(x′)

= (FC ) jk,

Re〈o j |l j〉

= lim
x′→x

Re
∑

m

∂x′
j
pm(x′)

pm(x′)
〈ξ |〈�x′ |m〉〈m|Lj ⊗ I|�x′ 〉|ξ 〉

= lim
x′→x

∑
m

∂x′
j
pm(x′)

pm(x′)
Re[〈m|Lj ⊗ I|�x′ 〉|ξ 〉〈ξ |〈�x′ |m〉]

= lim
x′→x

∑
m

∂x′
j
pm(x′)

pm(x′)
1

2
[〈m|(Lj ⊗ I|�x′ 〉|ξ 〉〈ξ |

× 〈�x′ | + |�x′ 〉|ξ 〉〈ξ |〈�x′ |Lj ⊗ I )|m〉]

= lim
x′→x

∑
m

∂x′
j
pm(x′)

pm(x′)
〈m|∂x′

j
(|�x′ 〉|ξ 〉〈ξ |〈�x′ |)|m〉

= lim
x′→x

∑
m

∂x′
j
pm(x′)

pm(x′)
∂x′

j
〈m|�x′ 〉|ξ 〉〈ξ |〈�x′ |m〉

= lim
x′→x

∑
m

∂x′
j
pm(x′)

pm(x′)
∂x′

j
pm(x′)

= (FC ) j j . (A6)

Thus ∑
j

ε2
j =

∑
j

‖|o j〉 − |l j〉‖2

=
∑

j

(〈o j | − 〈l j |)(|o j〉 − |l j〉)

=
∑

j

〈o j |o j〉 − 〈o j |l j〉 − 〈l j |o j〉 + 〈l j |l j〉

=
∑

j

〈o j |o j〉 − 2 Re[〈o j |l j〉] + 〈l j |l j〉

=
∑

j

(FC ) j j − 2(FC ) j j + (FQ) j j

= Tr(FQ − FC ). (A7)

APPENDIX B: OPTIMAL {|oj〉}
In Appendix A, the optimal {|o j〉} under a given POVM is

obtained. In this Appendix, we derive the optimal {|oj〉} over
all POVMs. We first present a lemma, which is modified from
a result obtained by Branciard [64].

Lemma B1. Suppose �l1 and �l2 are two unit vectors in a Eu-
clidean space E , and �l1 · �l2 = cos( π

2 − φ) = sin φ = β. Then
for any two orthogonal vectors ô1 and ô2, we have

‖�l1 − ô1‖2 + ‖�l2 − ô2‖2 � 1 −
√

1 − β2. (B1)

Proof. If ‖ô1‖ �= 0, define �o1 = ô1
‖ô1‖ . Otherwise, �o1 is de-

fined as any unit vector orthogonal to ô2. If ‖ô2‖ �= 0, define

�o2 = ô2
‖ô2‖ . Otherwise, �o2 is defined as any unit vector or-

thogonal to ô1. We use the notation l1⊥ =
√

1 − (�l1 · �o1)2,
l2⊥ =

√
1 − (�l2 · �o2)2. Then

‖�l1 − ô1‖2 = ‖[�l1 − (�l1 · �o1)�o1] + [(�l1 · �o1)�o1 − ô1]‖2

= ‖�l1 − (�l1 · �o1)�o1‖2 + ‖(�l1 · �o1)�o1 − ô1‖2

� ‖�l1 − (�l1 · �o1)�o1‖2

= 1 − (�l1 · �o1)2 = l2
1⊥ . (B2)

The equality can be saturated if and only if ô1 = (�l1 · �o1)�o1,
which means ô1 is the vector projection of the unit vector �l1
onto the unit vector �o1. This condition can be rewritten as �l1 ·
ô1 = ‖ô1‖2.

Because �o1 and �o2 are orthogonal unit vectors, we have
(�l1 · �o1)2 + (�l1 · �o2)2 � ‖�l1‖2 = 1. Then

l2
1⊥ = 1 − (�l1 · �o1)2 � (�l1 · �o2)2. (B3)

This equality can be saturated if �l1, �l2, �o1, �o2 are in the same
plane, i.e., �l1 ∈ Span{�o1, �o2}, �l2 ∈ Span{�o1, �o2}. Similarly, we
have

‖�l2 − ô2‖2 � l2
2⊥ = 1 − (�l2 · �o2)2 � (�l2 · �o1)2. (B4)

Then, we have

‖�l1 − ô1‖2 + ‖�l2 − ô2‖2 � (�l1 · �o2)2 + (�l2 · �o1)2. (B5)

The inequality can be saturated if and only if

�l1 · ô1 = ‖ô1‖2,

�l2 · ô2 = ‖ô2‖2,

�o1 ∈ Span{�l1, �l2},
�o2 ∈ Span{�l1, �l2}, (B6)

i.e., ô1 is the projection of the unit vector �l1 onto the unit vector
�o1, ô2 is the projection of the unit vector �l2 onto the unit vector
�o2, and �l1, �l2, �o1, �o2 are in the same plane.

We now provide the construction of the optimal ô1 and ô2

that saturate the bound in the lemma.
We first consider the case with |β| = 1, i.e., φ = ±π

2 . In

this case, �l1 and �l2 are linearly dependent, �l1 ‖ �l2. We introduce
another unit vector �l⊥, which is orthogonal to both �l1 and �l2,
�l1 · �l⊥ = �l2 · �l⊥ = 0, as shown in Fig. 1. Since �o1 and �o2 are
orthogonal, it can be obtained by rotating �l⊥ and �l1. We thus
rotate �l1 and �l⊥ clockwise with an angle ϕ + π

4 to get two
orthogonal unit vectors �o1 and �o2, here we introduce ϕ to
simplify the calculations later. ô1 and ô2 can then be obtained
by projecting �l1 and �l2 onto �o1 and �o2, respectively. With
simple triangle geometry, we have

‖ô1‖2 = cos2
(
ϕ + π

4

)
,

‖ô2‖2 = cos2
(π

4
− ϕ

)
, (B7)

�l1 · ô1 = cos2
(
ϕ + π

4

)
,

�l2 · ô2 = cos2
(π

4
− ϕ

)
, (B8)
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FIG. 4. Geometric construction.

and

‖�l1 − ô1‖2 + ‖�l2 − ô2‖2 = (�l1 · �o2)2 + (�l2 · �o1)2

= sin2
(
ϕ + π

4

)
+ sin2

(π

4
− ϕ

)

= 1

2
(1 + sin 2ϕ) + 1

2
(1 − sin 2ϕ)

= 1. (B9)

The inequality is saturated for any choice of ϕ and the optimal
ô1 and ô2 are given by

ô1 = 1
2 (1 − sin 2ϕ)�l1 − 1

2β cos 2ϕ�l⊥,

ô2 = 1
2β(1 + sin 2ϕ)�l1 + 1

2 cos 2ϕ�l⊥. (B10)

When |β| < 1, �l1 and �l2 are linearly independent, and they
span a two-dimensional plane, as shown in Fig. 4. We then
rotate �l1 clockwise with an angle ϕ − φ1 in the plane to get
a unit vector �o1 and �l2 anticlockwise with an angle φ2 − ϕ

in the plane to get a unit vector �o2, where φ1 = −φ

2 , φ2 = φ

2 ,

φ = arcsin β, and ϕ ∈ [−|φ|
2 ,

|φ|
2 ]. By projecting �l1 onto �o1 and

projecting �l2 onto �o2, we get ô1 and ô2. With simple triangle
geometries, we have

‖ô1‖2 = cos2(ϕ − φ1), ‖ô2‖2 = cos2(φ2 − ϕ), (B11)

and
�l1 · ô1 = cos2(ϕ − φ1),

�l2 · ô2 = cos2(φ2 − ϕ). (B12)

It is then straightforward to verify that

‖�l1 − ô1‖2 + ‖�l2 − ô2‖2 = (�l1 · �o2)2 + (�l2 · �o1)2

= sin2(ϕ − φ1) + sin2(φ2 − ϕ)

= 1 − cos φ cos 2ϕ

� 1 − cos φ = 1 −
√

1 − β2.

(B13)

The inequality is then saturated when we take ϕ = 0. And the
optimal ô1 and ô2 that saturate the bound are

ô1 = 1 + cos φ

2 cos φ
�l1 − sin φ

2 cos φ
�l2,

ô2 = − sin φ

2 cos φ
�l1 + 1 + cos φ

2 cos φ
�l2. (B14)

We now apply the above constructions to quantum pa-
rameter estimation with a pure state |�x〉 that contains two
parameters x = (x1, x2). Let L1 and L2 be the SLDs corre-
sponding to x1 and x2, respectively. As shown in the main text,
for any POVM on |�x〉 we can replace it with a projective
measurement, {|m〉〈m|}, on the extended state |�x〉|ξ 〉 with
|ξ 〉 as a state of the ancillary system. Two commuting observ-
ables O1 and O2 can then be constructed from the projective
measurement to approximate L1 ⊗ I and L2 ⊗ I . We then
define

|l1〉 = L1 ⊗ I|�x〉|ξ 〉,
|l2〉 = L2 ⊗ I|�x〉|ξ 〉,
|o1〉 = O1|�x〉|ξ 〉,
|o2〉 = O2|�x〉|ξ 〉. (B15)

We note that |o1〉 and |o2〉 are not necessarily quantum
states since they may not be normalized, we write them with
the ket notation just for convenience. And without loss of
generality, we assume FQ = I(if not, we can first make a
reparametrization to make FQ = I as Tr(F−1

Q FC ) is invariant
under reparametrization).

We then construct two real unit vectors from |l1〉 and |l2〉
as

�l1 =
(

Re |l1〉
Im |l1〉

)
, �l2 =

(
Im |l2〉

− Re |l2〉

)
. (B16)

The inner product of these two real vectors is

�l1 · �l2 = Im〈l1|l2〉 = β. (B17)

Similarly we can obtain two real vectors from |o1〉 and |o2〉 as

ô1 =
(

Re |o1〉
Im |o1〉

)
, ô2 =

(
Im |o2〉

− Re |o2〉
)

. (B18)

From [O1, O2] = 0, we have Im〈o1|o2〉 = 0, thus ô1 · ô2 =
Im〈o1|o2〉 = 0, i.e., ô1 and ô2 are orthogonal to each other.
It is also straightforward to see

‖�l j − ô j‖2 = ‖|l j〉 − |o j〉‖2 = ε2
j . (B19)

�l1, �l2, ô1, and ô2 thus satisfy the assumptions of Lemma B1,
we then have

ε2
1 + ε2

2 � 1 −
√

1 − β2. (B20)
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To construct the optimal |o1〉 and |o2〉, we first consider the
cases with β = ±1. Similarly, in this case, as �l1 and �l2 are
linearly dependent, we can introduce another unit vector, �l⊥,
which is orthogonal to �l1 and �l2. We can write �l⊥ as

�l⊥ =
(

Im |l⊥〉
− Re |l⊥〉

)
, (B21)

where |l⊥〉 satisfies

Im〈l⊥|l1〉 = 0; Re〈l⊥|l2〉 = 0; 〈l⊥|l⊥〉 = 1, (B22)

which are just the conditions of �l1 · �l⊥ = �l2 · �l⊥ = 0 and
‖�l⊥‖ = 1. The optimal {|o j〉} that saturate the bound can be
obtained similarly as in Eq. (B10) with

|o1〉 = 1

2
(1 − sin 2ϕ)|l1〉 + i

2
β cos 2ϕ|l⊥〉,

|o2〉 = i

2
β(1 + sin 2ϕ)|l1〉 + 1

2
cos 2ϕ|l⊥〉, (B23)

from which we can get the classical Fisher information matrix
with (FC ) jk = 〈o j |ok〉, which gives

FC =
(

1
2 (1 − sin 2ϕ) 1

2 cos 2ϕ Re〈l⊥|l1〉
1
2 cos 2ϕ Re〈l⊥|l1〉 1

2 (1 + sin 2ϕ)

)
.

We note that �l⊥ only needs to be orthogonal to �l1 and �l2,
which is not unique, so is |l⊥〉. Some choices of |l⊥〉 can lead
to a singular classical Fisher information matrix, which is the
case if we take |l⊥〉 = |l1〉. And some choices of |l⊥〉 can lead
to a diagonal classical Fisher information matrix, which is the
case when |l⊥〉 satisfies 〈l⊥|�x〉|ξ 〉 = 〈l⊥|l1〉 = 〈l⊥|l2〉 = 0.
For example, if |l⊥〉 is taken as |
〉|ξ⊥〉 where |ξ⊥〉 is orthog-
onal to |ξ 〉 and |
〉 is an arbitrary state, the classical Fisher
information matrix is then diagonal.

When |β| < 1, β = sin φ with φ ∈ (−π
2 , π

2 ). The optimal
{|o j〉} can be obtained similar as in Eq. (B14) with

|o1〉 = a|l1〉 − ib|l2〉,
|o2〉 = ib|l1〉 + a|l2〉, (B24)

where a = 1+cos φ

2 cos φ
, b = − sin φ

2 cos φ
. This gives the classical Fisher

information matrix as FC = (
1+cos φ

2 0
0 1+cos φ

2
).

APPENDIX C: VERIFY THE OPTIMAL MEASUREMENT
BY DIRECTLY COMPUTING FC

In this Appendix, we verify the optimality of the measure-
ment constructed in the main text by directly computing the
classical Fisher information matrix FC from the measurement
and showing that it saturates the tradeoff relation.

Without loss of generality, we assume FQ = I and FIm takes
the block-diagonal form

FIm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 β1 0 . . .

−β1 0
0 · · · 0 β2

−β2 0
...

. . .
...

0 · · · 0 · · · 0 βr

−βr 0
0

. . .

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (C1)

We first recall the construction of the optimal measure-
ments from the state |�x〉|ξ 〉 and the optimal {|o1〉, . . . , |on〉}.

The optimal {|o1〉, . . . , |on〉} are obtained from {|l j〉 =
Lj ⊗ I|�x〉|ξ 〉} as follows:

(1) For 1 � j � r and |β j | < 1,

|o2 j−1〉 = a j |l2 j−1〉 − ib j |l2 j〉,
|o2 j〉 = ib j |l2 j−1〉 + a j |l2 j〉, (C2)

where a j = 1+cos φ j

2 cos φ j
, b j = − sin φ j

2 cos φ j
, β j = sin φ j with φ j ∈

(−π
2 , π

2 ).
(2) For 1 � j � r and |β j | = 1,

|o2 j−1〉 = 1

2
(1 − sin 2ϕ j )|l2 j−1〉 + i

2
β j cos 2ϕ j |l j⊥〉,

|o2 j〉 = i

2
β j (1 + sin 2ϕ j )|l2 j−1〉 + 1

2
cos 2ϕ j |l j⊥〉, (C3)

where ϕ j can take any real value, |l j⊥〉 is an arbitrary state
orthogonal to |�x〉|ξ 〉 and all {|lk〉}. Moreover, 〈l j⊥|lk⊥〉 = δ jk .
One choice for |l j⊥〉 = |
〉|ξ⊥

j 〉, where |ξ⊥
j 〉 is orthogonal to

|ξ 〉 and |
〉 is an arbitrary state.
(3) For j > 2r, |oj〉 = |l j〉.
The Gram-Schmidt orthonormalization on |�x〉|ξ 〉 and

{|o1〉, . . . , |on〉} then leads to an orthonormal set of states
{|a0〉, |a1〉, · · · , |an〉} as follows:

(1) For j = 0, |a0〉 = |�x〉|ξ 〉.
(2) For 1 � j � r and |β j | < 1,

|a2 j−1〉 =

√
1 +

√
1 − β2

j

√
2
√

1 − β2
j

|l2 j−1〉

+ i
β j

√
2
√

1 − β2
j

√
1 +

√
1 − β2

j

|l2 j〉;

|a2 j〉 = −i
β j

√
2
√

1 − β2
j

√
1 +

√
1 − β2

j

|l2 j−1〉

+

√
1 +

√
1 − β2

j

√
2
√

1 − β2
j

|l2 j〉. (C4)
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(3) For 1 � j � r and |β j | = 1,

|a2 j−1〉 =
√

2

2

√
1 − sin 2ϕ j |l2 j−1〉

+ i

√
2

2
β j

cos 2ϕ j√
1 − sin 2ϕ j

|l j⊥〉;

|a2 j〉 = i

√
2

2
β j

√
1 + sin 2ϕ j |l2 j−1〉

+
√

2

2

cos 2ϕ j√
1 + sin 2ϕ j

|l j⊥〉. (C5)

(4) For j > 2r, |aj〉 = |l j〉.
{|a0〉, |a1〉, . . . , |an〉} are then expanded into a complete

basis by adding additional orthonormal vectors {|ak〉|n + 1 �
k � d − 1}, where d is the dimension of the system + ancilla.
The optimal measurement basis then corresponds to the rows
of the unitary U = BA−1, where A is the unitary matrix with
{|a0〉, |a1〉, . . . , |ad−1〉} as the columns and B is an orthogonal
matrix with {|b0〉, |b1〉, . . . , |bd−1〉}, a set of arbitrary cho-
sen real orthonormal vectors, as the columns. Here the only
constraint we put on B is that the first column of B (i.e.,
|b0〉) contains no zero entries. Different choices of B lead to
different optimal measurements.

Since the optimal measurement corresponds to the rows

of U , i.e., U =

⎛
⎜⎜⎝

〈1|
...

〈m|
...

〈d|

⎞
⎟⎟⎠, and UA = B, we then have |b0〉 =

(〈1|�x〉|ξ 〉, 〈2|�x〉|ξ 〉, . . . , 〈m|�x〉|ξ 〉, . . . , 〈d|�x〉|ξ 〉)T ,
which determines the probabilities of the measurement
outcome pm = |〈m|�x〉|ξ 〉|2 = Tr(|m〉〈m|�x〉|ξ 〉〈ξ |〈�x|).
The derivative of the probability with respect to x j is

∂x j pm = Tr
[|m〉〈m| 1

2 (Lj ⊗ I|�x〉|ξ 〉〈ξ |〈�x| + |�x〉|ξ 〉
× 〈ξ |〈�x|Lj ⊗ I )

]
= 1

2 [Tr(|m〉〈m|l j〉〈ξ |〈�x|) + Tr(|m〉〈m|�x〉|ξ 〉〈l j |)]
= Re{〈�x|〈ξ |m〉〈m|l j〉}. (C6)

The entries of the classical Fisher information matrix (CFIM)
are then given by (note that {〈m|�x〉|ξ 〉} are all real and
nonzero due to the choice of |b0〉)

(FC ) jk =
∑

m

∂x j pm∂xk pm

pm

=
∑

m

Re{〈�x|〈ξ |m〉〈m|l j〉} Re{〈�x|〈ξ |m〉〈m|lk〉}
|〈m|�x〉|ξ 〉|2

=
∑

m

Re{〈m|l j〉} Re{〈m|lk〉}. (C7)

Since we know 〈m|a j〉 = Bm j , we can write |l j〉 in terms of
|a j〉 to compute 〈m|l j〉.

From Eqs. (C4) and (C5), we can directly obtain the fol-
lowing:

(1) For 1 � j � r and |β j | < 1,

|l2 j−1〉 =

√
1 +

√
1 − β2

j

√
2

|a2 j−1〉 − iβ j

√
2

√
1 +

√
1 − β2

j

|a2 j〉,

|l2 j〉 = iβ j

√
2

√
1 +

√
1 − β2

j

|a2 j−1〉 +

√
1 +

√
1 − β2

j

√
2

|a2 j〉.

(C8)

(2) For 1 � j � r and |β j | = 1,

|l2 j−1〉 =
√

1 − sin 2ϕ j√
2

|a2 j−1〉 − iβ j

√
1 + sin 2ϕ j√

2
|a2 j〉,

|l2 j〉 = iβ j

√
1 − sin 2ϕ j√

2
|a2 j−1〉 +

√
1 + sin 2ϕ j√

2
|a2 j〉.

(C9)

(3) For j > 2r, |l j〉 = |a j〉.
Under the parametrization FQ = I , only the diagonal en-

tries of FC come into Tr(F−1
Q FC ). We will thus focus on the

computation of the diagonal entries.
For 1 � j � r and |β j | < 1, we have 〈m|l2 j−1〉 =√

1+
√

1−β2
j√

2
Bm,2 j−1 − i β j√

2
√

1+
√

1−β2
j

Bm,2 j . Since B is real or-

thogonal, all entries of B are real, and we then have

Re{〈m|l2 j−1〉} =
√

1+
√

1−β2
j√

2
Bm,2 j−1. Thus

(FC )2 j−1,2 j−1 =
∑

m

Re{〈m|l2 j−1〉}2

=
1 +

√
1 − β2

j

2

∑
m

B2
m,2 j−1

=
1 +

√
1 − β2

j

2
. (C10)

Similarly, we have (FC )2 j,2 j = ∑
m Re{〈m|l2 j〉}2 = 1+

√
1−β2

j

2 .

Thus (FC )2 j−1,2 j−1 + (FC )2 j,2 j = 1 +
√

1 − β2
j .

For 1 � j � r and |β j | = 1, we can similarly obtain

(FC )2 j−1,2 j−1 =
∑

m

Re{〈m|l2 j−1〉}2

= 1 − sin 2ϕ j

2

∑
m

B2
m,2 j−1

= 1 − sin 2ϕ j

2
,

(FC )2 j,2 j =
∑

m

Re{〈m|l2 j〉}2

= 1 + sin 2ϕ j

2

∑
m

B2
m,2 j

= 1 + sin 2ϕ j

2
. (C11)
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In this case, (FC )2 j−1,2 j−1 + (FC )2 j,2 j = 1 +
√

1 − β2
j = 1,

which can also be written as 1 +
√

1 − β2
j since |β j | = 1.

For 2r < j � n, we have |l j〉 = |a j〉 and

(FC ) j, j =
∑

m

Re{〈m|l j〉}2 =
∑

m

B2
m, j = 1. (C12)

Summing all the diagonal entries, we obtain

Tr
(
F−1

Q FC
) = n − 2r +

r∑
j=1

(
1 +

√
1 − β2

j

)

= n −
r∑

j=1

(
1 −

√
1 − β2

j

)
. (C13)

This directly verifies that the constructed measurements satu-
rate the tradeoff relations, and are thus optimal.

APPENDIX D: RECOVER THE CONDITIONS
FOR THE OPTIMAL MEASUREMENT WHEN

THE WEAK COMMUTATIVITY CONDITION HOLDS

Here, we demonstrate how the conditions derived in [55]
for optimal measurements in the special case where the weak
commutativity condition Im〈l j |lk〉 = 0 holds for all j, k ∈
{1, . . . , n} can be recovered within our framework.

Without loss of generality, we assume we are working
under the parametrization that FQ = I . Let {Lj | j = 1, . . . , n}
be the SLDs for |�x〉 with x = (x1, . . . , xn) and |l j〉 = Lj ⊗
I|�x〉|ξ 〉. Given a measurement on the system + ancilla,
denoted as {|m〉〈m|}, we have Oj = ∑

m f j (m)|m〉〈m|, and
|oj〉 = Oj |�x〉|ξ 〉. For the optimal choice of f j (m), 〈Oj〉 =
0. When the weak commutativity condition Im〈l j |lk〉 = 0,
∀ j, k ∈ {1, . . . , n}, |oj〉 can be just taken as |l j〉 and FC equals
to FQ. We thus have

|l j〉 = Oj |�x〉|ξ 〉 =
∑

m

f j (m)|m〉〈m|�x〉|ξ 〉. (D1)

When pm(x) = |〈m|�x〉|ξ 〉|2 �= 0, we have f j (m) = ∂x j pm (x)

pm (x) .
In this case,

〈m|l j〉 = ∂x j pm(x)

pm(x)
〈m|�x〉|ξ 〉. (D2)

Since 1
2 Lj |�x〉 = |∂x j �x〉 + 〈∂x j �x|�x〉|�x〉, we have |l j〉 =

2|∂x j �x〉|ξ 〉 + 2〈∂x j �x|�x〉|�x〉|ξ 〉, and

∂x j pm(x)

pm(x)

= 〈m|∂x j �x〉|ξ 〉〈ξ |〈�x|m〉 + 〈m|�x〉|ξ 〉〈ξ |〈∂x j �x|m〉
〈ξ |〈�x|m〉〈m|�x〉|ξ 〉 ,

and Eq. (D2) then becomes

2
〈
m
∣∣∂x j �x

〉|ξ 〉 + 2
〈
∂x j �x

∣∣�x
〉〈m|�x〉|ξ 〉

=
〈
m
∣∣∂x j �x

〉|ξ 〉〈ξ |〈�x|m〉 + 〈m|�x〉|ξ 〉〈ξ |〈∂x j �x

∣∣m〉
〈ξ |〈�x|m〉 ,

(D3)

which is equivalent to

〈ξ |〈�x|m〉〈m∣∣∂x j �x
〉|ξ 〉 − 〈m|�x〉|ξ 〉〈ξ |〈∂x j �x

∣∣m〉
= −2

〈
∂x j �x

∣∣�x
〉〈m|�x〉|ξ 〉〈ξ |〈�x|m〉. (D4)

This can be written as

− 2i Im
[〈ξ |〈∂x j �x

∣∣m〉〈m|�x〉|ξ 〉]
= −2i|〈ξ |〈�x|m〉|2 Im

[〈
∂x j �x

∣∣�x
〉]
. (D5)

From this, we obtain

Im
[〈ξ |〈∂x j �x

∣∣m〉〈m|�x〉|ξ 〉] = |〈ξ |〈�x|m〉|2 Im
[〈
∂x j �x

∣∣�x
〉]
,

(D6)

which recovers Theorem 2 in [55].

When pm(x) = 0, we have f j (m) = limx′→x

∂x′j
pm (x′ )

pm (x′ ) . In this
case, for |m〉 �= |�x〉|ξ 〉,

〈m|l j〉 = lim
x′→x

∂x′
j
pm(x′)

pm(x′)
〈m|�x′ 〉|ξ 〉. (D7)

Substituting |l j〉=2|∂x j �x〉|ξ 〉+2〈∂x j �x|�x〉|�x〉|ξ 〉, Eq. (D7)
becomes

2
〈
m
∣∣∂x j �x

〉|ξ 〉 + 2
〈
∂x j �x

∣∣�x
〉〈m|�x〉|ξ 〉

= lim
x′→x

2 Re
{〈ξ |〈∂x′

j
�x′

∣∣m〉〈m|�x′ 〉|ξ 〉}
〈ξ |〈�x′ |m〉 . (D8)

Excluding the case that 〈m|∂x j �x〉|ξ 〉 = 0 for all j, we expand
both the denominator and the numerator on the right-hand side
with respect to x′ = x + δx. By replacing |�x′ 〉 with |�x〉 +∑

k |∂xk �x〉δxk , we have

2
〈
m
∣∣∂x j �x

〉|ξ 〉

=
∑n

k=1 2 Re
{〈ξ |〈∂x j �x

∣∣m〉〈m∣∣∂xk �x
〉|ξ 〉}δxk + O(δx2)∑n

k=1〈ξ |〈∂xk �x

∣∣m〉δxk + O(δx2)
,

(D9)

which is equivalent to

〈ξ |〈∂xk �x

∣∣m〉〈m∣∣∂x j �x
〉|ξ 〉 = Re

{〈ξ |〈∂x j �x

∣∣m〉〈m∣∣∂xk �x
〉|ξ 〉}
(D10)

for all k. Thus we have Im{〈ξ |〈∂xk �x|m〉〈m|∂x j �x〉|ξ 〉} = 0 for
all j, k, which is exactly Eq. (7) in [55].

APPENDIX E: CONNECTIONS TO PREVIOUS BOUNDS

A widely used bound in multiparameter quantum estima-
tion is the Gill-Massar bound Tr(F−1

Q FC ) � d − 1 [9]. The
Gill-Massar bound is in general not tight, but for the special
case with 2d − 2 parameters encoded in a d-dimensional pure
quantum state, the bound becomes tight [9]. We now show that
the special case of the Gill-Massar bound can be recovered
from our bound.

Consider a d-dimensional pure state |�x〉 encoding 2d −
2 independent parameters x = (x1, . . . , x2d−2). Again with-
out loss of generality [recall Tr(F−1

Q FC ) is invariant under
reparametrization), we assume we are working under the
parametrization with FQ = I , and FIm takes the block diagonal
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form as

FIm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 β1 0 . . .

−β1 0
0 · · · 0 β2

−β2 0
...

. . .
...

0 · · · 0 · · · 0 βr

−βr 0
0

. . .

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (E1)

where r � d − 1.
We first show that r = d − 1, i.e., all blocks are 2 × 2.

Let |l j〉 = Lj ⊗ I|�x〉|ξ 〉, which are all orthogonal to the state
since 〈ξ |〈�x|l j〉 = 0 for 1 � j � 2d − 2. Since the jkth entry
of F = FQ + iFIm is equal to 〈l j |lk〉 and F2 j−1,k = 0 for 1 �
j � r, ∀k /∈ {2 j − 1, 2 j}, we have 〈l2 j−1|lk〉 = 0 for 1 � j �
r, ∀k /∈ {2 j − 1, 2 j}, i.e., |l1〉 is orthogonal to all |lk〉 except
|l1〉 and |l2〉; |l3〉 is orthogonal to all |lk〉 except |l3〉 and |l4〉,
etc. In particular, {|l1〉, |l3〉, . . . , |l2r−1〉} are orthogonal to each
other.

If r < d − 1, then ∀ j > 2r, we have 〈l j |lk〉 = 0 when
k �= j, since Fjk = 0 in this case. This implies that
{|l1〉, |l3〉, . . . , |l2r−1〉, |l2r+1〉, |l2r+2〉, |l2r+3〉, . . . , |l2d−2〉}
are all orthogonal to each other. Since |l j〉 = Lj ⊗
I|�x〉|ξ 〉 = |l̃ j〉|ξ 〉 with |l̃ j〉 = Lj |�x〉, we also have
{|l̃1〉, |l̃3〉, . . . , |l̃2r−1〉, |l̃2r+1〉, |l̃2r+2〉, |l̃2r+3〉, . . . , |l̃2d−2〉}
are all orthogonal to each other, which are totally
r + (2d − 2 − 2r) = 2d − 2 − r number of orthogonal
vectors in the d-dimensional Hilbert space. Furthermore,
since all |l̃ j〉 are orthogonal to |�x〉, we should have

2d − 2 − r � d − 1, (E2)

which implies r � d − 1. Since F is (2d − 2) × (2d − 2), we
also have r � d − 1, thus r = d − 1 and

FIm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 β1 0 0 . . . 0
−β1 0 0 0 . . . 0

0 0 0 β2
...

0 0 −β2 0
...

...
. . .

...
...

... . . . . . . 0 βd−1

0 0 . . . . . . −βd−1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(E3)

We next show |β j | = 1 for 1 � j � d − 1. First note
that {|�x〉, |l̃1〉, |l̃3〉, . . . , |l̃2d−3〉} form a complete basis for
the d-dimensional system space since they are orthonor-
mal. As 〈l̃2|l̃k〉 = 0, ∀k /∈ 1, 2, and 〈l̃2|�x〉 = 0, |l̃2〉 is thus
orthogonal to all the vectors in the basis except |l̃1〉,
thus |l̃2〉 must be linearly dependent with |l̃1〉, |l̃2〉 = α|l̃1〉.
Since 〈l̃1|l̃1〉 = 〈l1|l1〉 = F11 = 1 and 〈l̃2|l̃2〉 = 〈l2|l2〉 = F22 =
1, we then have |α| = 1, from which we then have |β1| =
|F12| = |〈l1|l2〉| = |〈l̃1|l̃2〉| = |α|. The proof is similar for j =
2, . . . , d − 1.

The eigenvalues of FIm are then {λ1, . . . , λ2d−2} =
{±i, . . . ,±i}, and our tradeoff relation then reduces to

Tr
(
F−1

Q FC
)

� 2d − 2 − 1

2

2d−2∑
q=1

(1 −
√

1 − |λq|2)

= 2d − 2 − 1

2
(2d − 2)

= d − 1. (E4)

This recovers the Gill-Massar bound. We note that the number
of independent real parameters encoded in a d-dimensional
pure state is at most 2d − 2 (−2 corresponds to the normal-
ization and global phase). When the number of parameters
encoded in the d-dimensional pure state is less than 2d − 2,
the Gill-Massar bound is in general not saturable, thus it is
less tight than our bound.

Matsumoto obtained a bound in terms of Tr(FQF−1
C )

through a direct optimization using the Lagrange multiplier,
which is Tr(FQF−1

C ) � ∑n
q=1

2

1+
√

1−|λq|2
[6]. We show that

Matsumoto’s bound can be obtained from our bound via the
Cauchy-Schwarz inequality. On the other hand, our bound
cannot be obtained from Matsumoto’s bound.

Without loss of generality, we assume FQ = I , and

FIm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 β1 0 . . .

−β1 0
0 · · · 0 β2

−β2 0
...

. . .
...

0 · · · 0 · · · 0 βr

−βr 0
0

. . .

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (E5)

Denoting the jth 2 × 2 block of FC and F−1
C as FC j and Qj ,

respectively, where 1 � j � r, i.e.,

FC =

⎡
⎢⎢⎢⎢⎢⎣

FC1 ∗ . . .

∗ FC2
...

. . .
...

∗ FCr
...

. . .
...

⎤
⎥⎥⎥⎥⎥⎦, (E6)

F−1
C =

⎡
⎢⎢⎢⎢⎢⎣

Q1 ∗ . . .

∗ Q2
...

. . .
...

∗ Qr
...

. . .
...

⎤
⎥⎥⎥⎥⎥⎦, (E7)

we then have Tr(Qj ) � Tr(F−1
C j ), where the equality is

achieved when FC is a block-diagonal matrix. Note that

Tr(FC j ) � 1 +
√

1 − β2
j . By using the Cauchy-Schwarz in-

equality Tr(F−1
C j ) � 4

Tr(FC j )
, we then have

Tr(Qj ) � Tr
(
F−1

C j

)
� 4

1 +
√

1 − β2
j

. (E8)

012609-17



LINGNA WANG, HONGZHEN CHEN, AND HAIDONG YUAN PHYSICAL REVIEW A 114, 012609 (2026)

For j > 2r, we have (FC ) j j � (FQ) j j = 1 and (F−1
C ) j j �

1
(FC ) j j

� 1. Thus

Tr
(
F−1

C

) =
r∑

j=1

Tr(Qj ) +
n∑

j=2r+1

(
F−1

C

)
j j

�
r∑

j=1

4

1 +
√

1 − β2
j

+ n − 2r

=
n∑

q=1

2

1 + √
1 − |λq|2

. (E9)

The last equality holds as the eigenvalues of FIm are
{±iβ1, . . . ,±iβr, 0, . . . , 0}.

When FQ �= I , the bound can be written as Tr(FQF−1
C ) �∑n

q=1
2

1+
√

1−|λq|2
, where {λq} are eigenvalues of F

− 1
2

Q FImF
− 1

2
Q ,

which is just Matsumoto’s bound. The inequality is saturated
when FC is a diagonal matrix with FC j proportional to the
Identity matrix for 1 � j � r, and (FC )kk = 1 for 2r + 1 �
k � n, which can be satisfied by the optimal choices of {|oj〉}
in the main text.

Our bound is stronger than Matsumoto’s bound since Mat-
sumoto’s bound can be obtained from our bound, but not vice
versa. We use the example of quantum radar to illustrate the
difference. Consider using the separable photons for simulta-
neous estimation of the range and velocity. We have shown
in the main text that the Arthurs-Kelly relation, σ̂t σ̂ω � 1, can
be directly obtained from our bound. On the other hand, from
the Matsumoto’s bound, we have (note that β = −1 in this
case)

Tr
(
FQF−1

C

)
� 4. (E10)

As FQ = (
4σ 2 0

0 1
σ2

), and σ̂t � (F−1
C )11, σ̂ω � (F−1

C )22, Mat-

sumoto’s bound then gives

4σ 2σ̂t + 1

σ 2
σ̂ω � 4. (E11)

This is weaker than the Arthurs-Kelly relation since from the
Arthurs-Kelly relation we can get the above bound as 4σ 2σ̂t +
1
σ 2 σ̂ω � 4

√
σ̂t σ̂ω � 4. However, we cannot get the Arthurs-

Kelly relation from the above bound, for example, σ̂t = 1
σ 2

and σ̂ω = 0 satisfy the above bound but violate the Arthurs-
Kelly relation, showing the bound is strictly looser than the
Arthurs-Kelly relation.

Chen et al. [7,8] obtained an analytical bound
on Tr(F−1

Q FC ) for pure states as Tr(F−1
Q FC ) � n −

f (n)‖F
− 1

2
Q FImF

− 1
2

Q ‖2
F with f (n) ∈ { 1

4(n−1) ,
n−2

(n−1)2 ,
1
5 }. Since

larger f (n) leads to a tighter bound, one may take
f (n) = max{ 1

4(n−1) ,
n−2

(n−1)2 ,
1
5 } � 1

4 for all n. This bound

can be rewritten as Tr(F−1
Q FC ) � n − f (n)

∑n
q=1 |λq|2, where

{λq} are the eigenvalues of F−1/2
Q FImF−1/2

Q . Using the fact that

1 − √
1 − t � t

2 for t ∈ [0, 1] with t = |λq|2, we have

Tr
(
F−1

Q FC
)

� n − 1

2

n∑
q=1

(1 −
√

1 − |λq|2)

� n − 1

2

n∑
q=1

[
1 −

(
1 − 1

2
|λq|2

)]

= n − 1

4

n∑
q=1

|λq|2

� n − f (n)
n∑

q=1

|λq|2. (E12)

Equation (21) thus yields a strictly tighter bound than
Refs. [7,8].

APPENDIX F: CONNECTIONS TO OTHER METRICS

The upper bound on Tr(F−1
Q FC ) can also be converted into

lower bounds on Tr(G Cov(x̂)) with any positive-semidefinite
weight matrix G � 0. Specifically, via the Cauchy-Schwarz
inequality, we have

Tr
(
GF−1

C

)
Tr

(
F−1

Q FC
)

= Tr
(
G

1
2 F

− 1
2

C F
− 1

2
C G

1
2
)

Tr
(
F

− 1
2

Q F
1
2

C F
1
2

C F
− 1

2
Q

)
�
(

Tr
∣∣G 1

2 F
− 1

2
Q

∣∣)2 = (
Tr

√
F

− 1
2

Q GF
− 1

2
Q

)2
, (F1)

where |A| :=
√

A†A. Combining with the classical Cramér-
Rao inequality N Cov(x̂) � F−1

C (here we take N as the
number of copies), we then have

N Tr(G Cov(x̂)) � Tr
(
GF−1

C

)
�

(
Tr

√
F

− 1
2

Q GF
− 1

2
Q

)2

Tr
(
F−1

Q FC
) . (F2)

An upper bound Tr(F−1
Q FC ) � C can then be directly trans-

formed into a lower bound on N Tr(G Cov(x̂)) as

N Tr(G Cov(x̂)) �
(

Tr
√

F
− 1

2
Q GF

− 1
2

Q

)2

C
. (F3)

For the Gill-Massar bound, C = d − 1, while for our bound,
C = n − 1

2

∑n
q=1(1 − √

1 − |λq|2).
In Ref. [19], the incompatibility measure is defined as

the ratio between the achievable precision and the quantum
Cramér-Rao bound over an optimized weight matrix G:

rs
N (x) := inf

MN ∈M(LU-S)
N

sup
G�0

N Tr (G Cov(x̂))

Tr
(
GF−1

Q (x)
) , (F4)

M(LU-S)
N denotes the set of locally unbiased separable mea-

surements. Since N Tr(G Cov(x̂)) � Tr(GF−1
Q (x)), rs

N (x) �
1. The gap between rs

N (x) and 1 quantifies the incompatibility.
Since the inequality in Eq. (F3) holds for any locally unbiased
separable measurement, we then have

rs
N (x) � sup

G�0

(
Tr

√
F

− 1
2

Q GF
− 1

2
Q

)2

C Tr
(
GF−1

Q

) .
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Furthermore, by the Cauchy-Schwarz inequal-

ity Tr(GF−1
Q ) Tr(I ) � (Tr

√
F

− 1
2

Q GF
− 1

2
Q )2, we have

(Tr

√
F

− 1
2

Q GF
− 1

2
Q )2

Tr(GF−1
Q )

� Tr(I ) = n, where n is the number of

parameters. We thus have supG�0

(Tr

√
F

− 1
2

Q GF
− 1

2
Q )2

Tr(GF−1
Q )

= n where

the equality can be achieved by taking G = FQ. This then
leads to an analytical bound

rs
N (x) � n

C
. (F5)

In Ref. [19], an analytical bound is derived from the Gill-
Massar inequality Tr(F−1

Q FC ) � C = d − 1, where d is the
dimension of a single probe, resulting in rs

N (x) � n
d−1 . Since

this holds for any N , it gives

rs(x) := lim inf
N→∞

rs
N (x) � n

d − 1
, (F6)

which reproduces Eq. (37) in Ref. [19] (in Ref. [19] the
number of parameters is denoted as d and the dimension of the
system is denoted as D). This bound is only nontrivial when
n � d − 1, a restriction inherited from the Gill-Massar bound.

Our improved bound, Tr(F−1
Q FC ) � C = n − 1

2

∑n
q=1(1 −√

1 − |λq|2), leads to a tighter result:

rs(x) � n

n − 1
2

∑n
q=1(1 −

√
1 − ∣∣λq

∣∣2)
, (F7)

which is nontrivial for any n. The gap between rs(x) and 1,

rs(x) − 1 �
1
2

∑n
q=1(1 −

√
1 − ∣∣λq

∣∣2)

n − 1
2

∑n
q=1(1 −

√
1 − ∣∣λq

∣∣2)
, (F8)

quantifies the incompatibility. For mixed states, our analytical
bound on Tr(F−1

Q FC ) remains valid, though not universally
tight. Consequently, Eq. (F7) remains valid for mixed states,
and yields nontrivial bounds for any n, thereby improving over
the existing bound.

Our bound also holds for collective measurements per-
formed on k copies of the state, ρ⊗k

x . This can be seen easily by
treating ρ⊗k

x as a single state, whose quantum geometric tensor
satisfies F (k) = F (k)

Q + iF (k)
Im = k(FQ + iFIm ), so that F (k)

Q =
kFQ and F (k)

Im = kFIm. Consequently, (F (k)
Q )−

1
2 F (k)

Im (F (k)
Q )−

1
2 =

F
− 1

2
Q FImF

− 1
2

Q . Since the bound depends only on the eigenval-
ues of this matrix, it remains unchanged, yielding

Tr
((

F (k)
Q

)−1
F (k)

C

)
� n − 1

2

n∑
q=1

(1 −
√

1 − ∣∣λq

∣∣2), (F9)

where {λq} are eigenvalues of (F (k)
Q )−

1
2 F (k)

Im (F (k)
Q )−

1
2 =

F
− 1

2
Q FImF

− 1
2

Q . We note that since ρx can encode at most d2 − 1
independent parameters, n � d2 − 1. The Gill-Massar bound
applied to collective measurement on ρ⊗k

x leads to trivial
bounds Tr((F (k)

Q )−1F (k)
C ) � n � dk − 1 for k � 2.

Applying the Cauchy-Schwarz inequality similarly gives

Tr
(
G
(
F (k)

C

)−1)
Tr

((
F (k)

Q

)−1
F (k)

C

)
�
(

Tr
∣∣G 1

2
(
F (k)

Q

)− 1
2
∣∣)2

= (
Tr

√(
F (k)

Q

)− 1
2 G

(
F (k)

Q

)− 1
2
)2

. (F10)

If the collective measurement is repeated N
k times with a total

N copies of state, we obtain

N

k
Tr(G Cov(x̂)) � Tr

(
G
(
F (k)

C

)−1)

�
(

Tr
√(

F (k)
Q

)− 1
2 G

(
F (k)

Q

)− 1
2
)2

Tr
((

F (k)
Q

)−1
F (k)

C

)

=
(

Tr
√

F
− 1

2
Q GF

− 1
2

Q

)2

k Tr
((

F (k)
Q

)−1
F (k)

C

) . (F11)

Combining with the bound in Eq. (F9) leads to

r (k)
N (x) := inf

MN ∈M(k)
N

sup
G�0

N Tr(G Cov(x̂))

Tr
(
GF−1

Q (x)
)

� sup
G�0

(
Tr

√
F

− 1
2

Q GF
− 1

2
Q

)2

Tr
(
GF−1

Q (x)
)
C

= n

C
, (F12)

where C = n − 1
2

∑n
q=1(1 − √

1 − |λq|2), and M(k)
N denotes

the set of collective measurements on at most k copies of
states. This leads to

r (k)(x) := lim inf
N→∞

r (k)
N (x) � n

n − 1
2

∑n
q=1(1 −

√
1 − ∣∣λq

∣∣2)
.

(F13)

These incompatibility measures for collective measurement
{r(k)}, defined in Eq. (44) of Ref. [19], previously lacked
explicit lower bounds. We not only supply a closed-form
expression that applies to all k, but we also guarantee its
nontriviality for an arbitrary number of parameters n. Our
results thus significantly extend the applicability of the incom-
patibility measure defined in [19].

APPENDIX G: EXAMPLE: SQUEEZED COHERENT STATE

A squeezed coherent state can be written as |η, r, 0〉 =
D(η)S(r)|0〉, where |0〉 is the vacuum state, D(η) is the dis-
placement operator,

D(η) = exp(ηa† − η∗a), (G1)

and S(r) is the squeezing operator with

S(r) = exp
[ r

2
(a2 − a†2)

]
, (G2)

where r is the squeezing parameter. We consider the estima-
tion of η and r. Note that η is generally a complex number,
the parameters are thus x1 = Re η, x2 = Im η, x3 = r.
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We first calculate the SLDs for which the following prop-
erties will be used:

∂D(η)

∂x1
= (ix2 + (a† − a))D(η),

∂D(η)

∂x2
= (−ix1 + i(a + a†))D(η),

∂S(r)

∂x3
= 1

2
(a2 − a†2)S(r), (G3)

D(η)a2D†(η) = a2 − 2ηa + η2,

D(η)a†2D†(η) = a†2 − 2η∗a† + η∗2,

D†(η)aD(η) = a + η,

S†(r)aS(r) = cosh ra − sinh ra†. (G4)

With these properties, we can get

∂|η, r, 0〉
∂x1

= ∂D(η)

∂x1
S(r)|0〉 = (ix2 + (a† − a))|η, r, 0〉,

∂|η, r, 0〉
∂x2

= ∂D(η)

∂x2
S(r)|0〉 = (−ix1 + i(a + a†))|η, r, 0〉,

∂|η, r, 0〉
∂x3

= D(η)
∂S(r)

∂x3
|0〉

=
(

1

2
(a2 − a†2) + x1(a† − a)

− ix2(a + a†) + 2ix1x2

)
|η, r, 0〉. (G5)

Note that

a|η, r, 0〉 = aD(η)S(r)|0〉
= [D(η)a + ηD(η)]S(r)|0〉
= D(η)aS(r)|0〉 + η|η, r, 0〉
= D(η)(cosh rS(r)a − sinh rS(r)a†)|0〉 + η|η, r, 0〉
= − sinh r|η, r, 1〉 + η|η, r, 0〉, (G6)

where |η, r, n〉 = D(η)S(r)|n〉, and similarly we have

a†|η, r, 0〉 = cosh r|η, r, 1〉 + η∗|η, r, 0〉,
a2|η, r, 0〉 = (η2 − sinh r cosh r)|η, r, 0〉 − 2η sinh r|η, r, 1〉

+
√

2 sinh2 r|η, r, 2〉,
a†2|η, r, 0〉 = (η∗2 − sinh r cosh r)|η, r, 0〉

+ 2η∗ cosh r|η, r, 1〉 +
√

2 cosh2 r|η, r, 2〉.
(G7)

Equation (G5) can then be written as

∂|η, r, 0〉
∂x1

= −ix2|η, r, 0〉 + ex3 |η, r, 1〉,
∂|η, r, 0〉

∂x2
= ix1|η, r, 0〉 + ie−x3 |η, r, 1〉,

∂|η, r, 0〉
∂x3

= −
√

2

2
|η, r, 2〉. (G8)

The SLDs, Li = 2( ∂|η,r,0〉
∂xi

〈η, r, 0| + |η, r, 0〉 ∂〈η,r,0|
∂xi

), can
then be obtained as

L1 = 2ex3 |η, r, 1〉〈η, r, 0| + 2ex3 |η, r, 0〉〈η, r, 1|,
L2 = 2ie−x3 |η, r, 1〉〈η, r, 0| − 2ie−x3 |η, r, 0〉〈η, r, 1|,
L3 = −

√
2|η, r, 2〉〈η, r, 0| −

√
2|η, r, 0〉〈η, r, 2|. (G9)

From these we obtain FQ and FIm as

FQ =
⎛
⎝4e2x3 0 0

0 4e−2x3 0
0 0 2

⎞
⎠,

FIm =
⎛
⎝ 0 4 0

−4 0 0
0 0 0

⎞
⎠. (G10)

Since FQ �= I , we first make a reparametrization with

(
x′

1
x′

2
x′

3

)
=

F
1
2

Q

(
x1
x2
x3

)
under which F̃Q = I , and the SLDs for the new pa-

rameters are given by

L′
1 = L1

2ex3
, L′

2 = L2

2e−x3
, L′

3 = L3√
2
. (G11)

Under this reparametrization,

F̃Im =
⎛
⎝ 0 1 0

−1 0 0
0 0 0

⎞
⎠, (G12)

whose eigenvalues are ±i and 0. The tradeoff relation can then
be obtained as

Tr
(
F−1

Q FC
)

� 1

2

∑
j

(1 +
√

1 − |λ j |2) = 2. (G13)

To construct the optimal measurement, we first let

|l1〉 = L′
1 ⊗ I|η, r, 0〉|0〉 = |η, r, 1〉|0〉,

|l2〉 = L′
2 ⊗ I|η, r, 0〉|0〉 = i|η, r, 1〉|0〉,

|l3〉 = L′
3 ⊗ I|η, r, 0〉|0〉 = −|η, r, 2〉|0〉,

|l⊥〉 = i|η, r, 0〉|1〉, (G14)

where an ancillary mode is used. |l⊥〉 is introduced as |l1〉 and
|l2〉 are linearly dependent in this case, where |l⊥〉 satisfies
〈l1|l⊥〉 = 〈l2|l⊥〉 = 0 and 〈l⊥|l⊥〉 = 1. We can then construct
the optimal {|o1〉, |o2〉, |o3〉} as in Eq. (B23) with ϕ = 0,

|o1〉 = 1

2
|l1〉 + i

2
|l⊥〉 = 1

2
|η, r, 1〉|0〉 − 1

2
|η, r, 0〉|1〉,

|o2〉 = i

2
|l1〉 + 1

2
|l⊥〉 = i

2
|η, r, 1〉|0〉 + i

2
|η, r, 0〉|1〉,

|o3〉 = |l3〉 = −|η, r, 2〉|0〉. (G15)

012609-20



TIGHT TRADE-OFF RELATION AND OPTIMAL … PHYSICAL REVIEW A 114, 012609 (2026)

It is easy to compute that 〈o1|o1〉 = 〈o2|o2〉 = 1
2 , 〈o3|o3〉 =

1, 〈o1|o2〉 = 〈o1|o3〉 = 〈o2|o3〉 = 0. We then perform the
Gram-Schmidt orthonormalization to get

|a0〉 = |η, r, 0〉|0〉,

|a1〉 =
√

2

2
|η, r, 1〉|0〉 −

√
2

2
|η, r, 0〉|1〉,

|a2〉 = i
√

2

2
|η, r, 1〉|0〉 + i

√
2

2
|η, r, 0〉|1〉,

|a3〉 = −|η, r, 2〉|0〉, (G16)

which form a complete basis for a four-dimensional subspace
spanned by {|η, r, 0〉|0〉, |η, r, 0〉|1〉, |η, r, 1〉|0〉, |η, r, 2〉|0〉}.
Since all operators are within this subspace, we can restrict
to this subspace. Putting |aj〉 together, we obtain a unitary

matrix

A =

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 −
√

2
2

i
√

2
2 0

0
√

2
2

i
√

2
2 0

0 0 0 −1

⎞
⎟⎟⎟⎟⎠, (G17)

and then choose a real orthogonal matrix as

B =

⎛
⎜⎜⎜⎜⎝

1
2

1
2

1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2

1
2 − 1

2 − 1
2

1
2 − 1

2 − 1
2

1
2

⎞
⎟⎟⎟⎟⎠. (G18)

The optimal measurement can then be taken as the projective
measurement on the basis given by the rows of U = BA−1,
which are

|m1〉 = 1

2
|η̂, r̂, 0〉|0〉 +

(
−

√
2

4
+ i

√
2

4

)
|η̂, r̂, 0〉|1〉 +

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 1〉|0〉 − 1

2
|η̂, r̂, 2〉|0〉,

|m2〉 = 1

2
|η̂, r̂, 0〉|0〉 +

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 0〉|1〉 +

(
−

√
2

4
+ i

√
2

4

)
|η̂, r̂, 1〉|0〉 + 1

2
|η̂, r̂, 2〉|0〉,

|m3〉 = 1

2
|η̂, r̂, 0〉|0〉 −

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 0〉|1〉 +

(√
2

4
− i

√
2

4

)
|η̂, r̂, 1〉|0〉 + 1

2
|η̂, r̂, 2〉|0〉,

|m4〉 = 1

2
|η̂, r̂, 0〉|0〉 +

(√
2

4
− i

√
2

4

)
|η̂, r̂, 0〉|1〉 −

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 1〉|0〉 − 1

2
|η̂, r̂, 2〉|0〉, (G19)

where η̂ = x̂1 + ix̂2, r̂ = x̂3, and x̂1, x̂2, x̂3 are estimators of x1, x2, x3, respectively. We can verify that the probabilities of the
measurement results are

p1 = |〈m1|η, r, 0〉|0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 +

(√
2

4
− i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 − 1

2
〈η̂, r̂, 2|η, r, 0〉

∣∣∣∣∣
2

,

p2 = |〈m2|η, r, 0〉|0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 −

(√
2

4
+ i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 + 1

2
〈η̂, r̂, 2|η, r, 0〉

∣∣∣∣∣
2

,

p3 = |〈m3|η, r, 0〉|0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 +

(√
2

4
+ i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 + 1

2
〈η̂, r̂, 2|η, r, 0〉

∣∣∣∣∣
2

,

p4 = |〈m4|η, r, 0〉|0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 −

(√
2

4
− i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 − 1

2
〈η̂, r̂, 2|η, r, 0〉

∣∣∣∣∣
2

, (G20)

which gives the classical Fisher information matrix

FC =
⎛
⎝2e2x3 0 0

0 2e−2x3 0
0 0 2

⎞
⎠, (G21)

for which the tradeoff relation is indeed saturated as
Tr(F−1

Q FC ) = 2.

We note that in this case the bound can also be saturated
without the ancillary system. For example, we can let

|l1〉 = L′
1|η, r, 0〉 = |η, r, 1〉,

|l2〉 = L′
2|η, r, 0〉 = i|η, r, 1〉,

|l3〉 = L′
3|η, r, 0〉 = −|η, r, 2〉,

|l⊥〉 = |η, r, 3〉, (G22)
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where |l⊥〉 also satisfies 〈η, r, 0|l⊥〉 = 〈l1|l⊥〉 = 〈l2|l⊥〉 = 0
and 〈l⊥|l⊥〉 = 1. The optimal {|o1〉, |o2〉, |o3〉} can then be
obtained from Eq. (B23) as (with ϕ = 0)

|o1〉 = 1

2
|l1〉 + i

2
|l⊥〉 = 1

2
|η, r, 1〉 + i

2
|η, r, 3〉,

|o2〉 = i

2
|l1〉 + 1

2
|l⊥〉 = i

2
|η, r, 1〉 + 1

2
|η, r, 3〉,

|o3〉 = |l3〉 = −|η, r, 2〉. (G23)

We then let

|a0〉 = |η, r, 0〉,

|a1〉 =
√

2

2
|η, r, 1〉 + i

√
2

2
|η, r, 3〉,

|a2〉 = i
√

2

2
|η, r, 1〉 +

√
2

2
|η, r, 3〉,

|a3〉 = −|η, r, 2〉, (G24)

which form a complete basis for a four-dimensional sub-
space spanned by {|η, r, 0〉, |η, r, 1〉, |η, r, 2〉, |η, r, 3〉}. Again

within this subspace, we can put {|aj〉} together to get a
unitary matrix,

A =

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0
√

2
2

i
√

2
2 0

0 0 0 −1

0 i
√

2
2

√
2

2 0

⎞
⎟⎟⎟⎟⎠, (G25)

then choose a real orthogonal matrix as

B =

⎛
⎜⎜⎜⎜⎝

1
2

1
2

1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2

1
2 − 1

2 − 1
2

1
2 − 1

2 − 1
2

1
2

⎞
⎟⎟⎟⎟⎠. (G26)

The optimal measurement can then be taken as the projective
measurement on the basis given by the rows of U = BA−1,
which are

|m1〉 = 1

2
|η̂, r̂, 0〉 +

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 1〉 − 1

2
|η̂, r̂, 2〉 +

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 3〉,

|m2〉 = 1

2
|η̂, r̂, 0〉 −

(√
2

4
− i

√
2

4

)
|η̂, r̂, 1〉 + 1

2
|η̂, r̂, 2〉 +

(√
2

4
− i

√
2

4

)
|η̂, r̂, 3〉,

|m3〉 = 1

2
|η̂, r̂, 0〉 +

(√
2

4
− i

√
2

4

)
|η̂, r̂, 1〉 + 1

2
|η̂, r̂, 2〉 −

(√
2

4
− i

√
2

4

)
|η̂, r̂, 3〉,

|m4〉 = 1

2
|η̂, r̂, 0〉 −

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 1〉 − 1

2
|η̂, r̂, 2〉 −

(√
2

4
+ i

√
2

4

)
|η̂, r̂, 3〉. (G27)

Here η̂ = x̂1 + ix̂2, r̂ = x̂3, and x̂1, x̂2, x̂3 are estimators of x1, x2, x3, respectively.
We can verify that under this projective measurement, the probabilities of the measurement results are

p1 = |〈m1|η, r, 0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 +

(√
2

4
− i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 − 1

2
〈η̂, r̂, 2|η, r, 0〉+

(√
2

4
− i

√
2

4

)
〈η̂, r̂, 3|η, r, 0〉

∣∣∣∣∣
2

,

p2 = |〈m2|η, r, 0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 −

(√
2

4
+ i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 + 1

2
〈η̂, r̂, 2|η, r, 0〉+

(√
2

4
+ i

√
2

4

)
〈η̂, r̂, 3|η, r, 0〉

∣∣∣∣∣
2

,

p3 = |〈m3|η, r, 0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 +

(√
2

4
+ i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 + 1

2
〈η̂, r̂, 2|η, r, 0〉−

(√
2

4
+ i

√
2

4

)
〈η̂, r̂, 3|η, r, 0〉

∣∣∣∣∣
2

,

p4 = |〈m4|η, r, 0〉|2 =
∣∣∣∣∣12 〈η̂, r̂, 0|η, r, 0〉 −

(√
2

4
− i

√
2

4

)
〈η̂, r̂, 1|η, r, 0〉 − 1

2
〈η̂, r̂, 2|η, r, 0〉−

(√
2

4
− i

√
2

4

)
〈η̂, r̂, 3|η, r, 0〉

∣∣∣∣∣
2

,

(G28)

which gives the classical Fisher information matrix

FC =
⎛
⎝2e2x3 0 0

0 2e−2x3 0
0 0 2

⎞
⎠. (G29)

This saturates the tradeoff relation with

Tr
(
F−1

Q FC
) = 2. (G30)
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APPENDIX H: OPTIMAL MEASUREMENT
FOR SIMULTANEOUS ESTIMATION

OF RANGE AND VELOCITY

1. Separable photons

In this section, we explicitly construct the optimal mea-
surement that saturates the Arthurs-Kelly relation σt̄σω̄ � 1
for separable photons. Recall that the returned single photon
state is given by |ψ〉 = ∫

dt ψ (t )|t〉, with

ψ (t ) =
(

2σ 2

π

)1/4

exp{−(t − t̄ )2σ 2 − iω̄(t − t̄ )}. (H1)

The QFIM for simultaneously estimating parameters t̄ and ω̄

is

FQ =
(

4σ 2 0
0 1

σ 2

)
, (H2)

with the corresponding SLDs provided in Eq. (57). We first
make a reparametrization,(

t̄ ′
ω̄′

)
= F 1/2

Q

(
t̄
ω̄

)
, (H3)

under which the SLDs become

L ′̄
t = |e1〉〈e2| + |e2〉〈e1|,

L′
ω̄ = i|e1〉〈e2| − i|e2〉〈e1|, (H4)

and Im〈L ′̄
t L

′
ω̄〉 = −1, where

|e1〉 = |ψ (t )〉 =
∫

dtψ (t )|t〉,

|e2〉 =
∫

dt2σ (t − t̄ )ψ (t )|t〉. (H5)

We then let

|l1〉 = L ′̄
t |ψ〉 = |e2〉,

|l2〉 = L′
ω̄|ψ〉 = −i|e2〉,

|l⊥〉 = |e3〉, (H6)

where

|e3〉 =
∫

dt e3(t )|t〉 (H7)

with

e3(t ) = 1 − 4(t − t̄ )2σ 2

√
2

ψ (t ). (H8)

|l⊥〉 satisfies 〈ψ |l⊥〉 = 〈l1|l⊥〉 = 〈l2|l⊥〉 = 0 and 〈l⊥|l⊥〉 = 1.
We can then obtain the optimal {|o1〉, |o2〉} as

|o1〉 = 1

2
|l1〉 − i

2
|l⊥〉 = 1

2
|e2〉 − i

2
|e3〉,

|o2〉 = − i

2
|l1〉 + 1

2
|l⊥〉 = − i

2
|e2〉 + 1

2
|e3〉, (H9)

where 〈o1|o1〉 = 〈o2|o2〉 = 1
2 , 〈o1|o2〉 = 0. We then let

|a0〉 = |ψ〉 = |e1〉,

|a1〉 =
√

2

2
|e2〉 − i

√
2

2
|e3〉,

|a2〉 = − i
√

2

2
|e2〉 +

√
2

2
|e3〉, (H10)

which form a complete basis for the three-dimensional sub-
space spanned by {|e1〉, |e2〉, |e3〉}. Within this subspace,
{|aj〉} can be represented as three-dimensional vectors, which
can be put together to get a unitary matrix,

A =

⎛
⎜⎜⎝

1 0 0

0
√

2
2 − i

√
2

2

0 − i
√

2
2

√
2

2

⎞
⎟⎟⎠. (H11)

We then choose a real orthogonal matrix,

B =

⎛
⎜⎜⎝

1
2

1√
2

1
2

1√
2

0 − 1√
2

1
2 − 1√

2
1
2

⎞
⎟⎟⎠, (H12)

and let U = BA−1. The optimal measurement can then be
taken as the projective measurement on the basis given by the
rows of U , which are

|m1〉 = 1

2
|ê1〉 +

(
1

2
− i

√
2

4

)
|ê2〉 +

(√
2

4
− i

2

)
|ê3〉,

|m2〉 =
√

2

2
|ê1〉 + i

2
|ê2〉 − 1

2
|ê3〉,

|m3〉 = 1

2
|ê1〉 −

(
1

2
+ i

√
2

4

)
|ê2〉 +

(√
2

4
+ i

2

)
|ê3〉,

(H13)

where

|ê1〉 =
∫

dt ψ̂ (t )|t〉,

|ê2〉 =
∫

dt 2σ (t − ˆ̄t )ψ̂ (t )|t〉,

|ê3〉 =
∫

dt
1 − 4(t − ˆ̄t )2σ 2

√
2

ψ̂ (t )|t〉 (H14)

with

ψ̂ (t ) =
(

2σ 2

π

)1/4

exp{−(t − ˆ̄t )2σ 2 − i ˆ̄ω(t − ˆ̄t )}. (H15)

ˆ̄t and ˆ̄ω are estimators of t̄ and ω̄, respectively, which need to
be updated adaptively. When ˆ̄t and ˆ̄ω converge to t̄ and ω̄, the
classical Fisher information matrix is given by

FC =
(

2σ 2 0
0 1

2σ 2

)
. (H16)

We then have σ 2
t̄ = 1

2σ 2 and σ 2
ω̄ = 2σ 2 and

σt̄σω̄ = 1. (H17)
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This shows that the Arthurs-Kelly relation is tight and the
constructed measurement is optimal.

2. Entangled photons

In this section, we present the optimal measurement
that saturates the refined Arthurs-Kelly relation for en-
tangled photons, σt̄σω̄ �

√
1−κ√
1+κ

, for 0 � κ < 1. Recall that
the returned biphoton entangled state is given by |�〉 =∫

dt
∫

dti�(t, ti )|t〉|ti〉, with

�(t, ti ) =N exp
{−iω̄(t − t̄ ) − iω̄i0(ti − t̄0) − (t − t̄ )2σ 2

− (ti − t̄0)2σ 2
i0 + 2κ (t − t̄ )(ti − t̄0)σσi0

}
, (H18)

where the normalization factor is given by N =
√

2σσi0
π

(1 −
κ2)1/4. The QFIM for the simultaneous estimation of t̄ and ω̄

is

FQ =
(

4σ 2 0
0 1

σ 2(1−κ2 )

)
, (H19)

with the corresponding SLDs provided explicitly in Eq. (64).
If we make a reparametrization with

(
t̄ ′
ω̄′

)
= F 1/2

Q

(
t̄
ω̄

)
, (H20)

under which F̃Q = I , and the SLDs become

L ′̄
t =

√
2(1 − κ )

2
|e1〉〈e2| +

√
2(1 − κ )

2
|e2〉〈e1|

+
√

2(1 + κ )

2
|e1〉〈e3| +

√
2(1 + κ )

2
|e3〉〈e1|,

L′
ω̄ = i

√
2(1 + κ )

2
|e1〉〈e2| − i

√
2(1 + κ )

2
|e2〉〈e1|

+ i
√

2(1 − κ )

2
|e1〉〈e3| − i

√
2(1 − κ )

2
|e3〉〈e1|, (H21)

where |e j〉 = ∫
dt

∫
dti e j (t, ti )|t〉|ti〉, j = 1, 2, 3, are or-

thonormal with

e1(t, ti ) = �(t, ti ),

e2(t, ti ) =
√

2(1 − κ )[σ (t − t̄ ) + σi(ti − t̄0)]�(t, ti ),

e3(t, ti ) =
√

2(1 + κ )[σ (t − t̄ ) − σi(ti − t̄0)]�(t, ti ), (H22)

we then construct the optimal measurement that saturates the
relation for 0 � κ < 1. First, let

|l1〉 = L ′̄
t |�〉 =

√
2(1 − κ )

2
|e2〉 +

√
2(1 + κ )

2
|e3〉,

|l2〉 = L′
ω̄|�〉 = − i

√
2(1 + κ )

2
|e2〉 − i

√
2(1 − κ )

2
|e3〉.

(H23)

The optimal {|o1〉, |o2〉} are then

|o1〉 = 1 + cos φ

2 cos φ
|l1〉 + i sin φ

2 cos φ
|l2〉 =

√
2(1 + κ )

2
|e3〉,

|o2〉 = − i sin φ

2 cos φ
|l1〉 + 1 + cos φ

2 cos φ
|l2〉 = − i

√
2(1 + κ )

2
|e2〉,
(H24)

where sin φ = −√
1 − κ2, cos φ = κ . In this case, 〈o1|o1〉 =

〈o2|o2〉 = 1+κ
2 , 〈o1|o2〉 = 0.

To get the optimal projective measurement, we let

|a0〉 = |ψ〉 = |e1〉,
|a1〉 = |e3〉,
|a2〉 = −i|e2〉, (H25)

which form a basis for the three-dimensional subspace
spanned by {|e1〉, |e2〉, |e3〉}. Again, within this subspace, we
can put {|aj〉} together to get a unitary matrix

A =
⎛
⎝1 0 0

0 0 −i
0 1 0

⎞
⎠. (H26)

We then choose a real orthogonal matrix,

B =

⎛
⎜⎜⎝

1
2

1√
2

1
2

1√
2

0 − 1√
2

1
2 − 1√

2
1
2

⎞
⎟⎟⎠, (H27)

and let U = BA−1. The optimal measurement can then be
obtained as the projective measurement on the basis given by
the rows of U , which are

|m1〉 = 1

2
|ê1〉 − i

2
|ê2〉 +

√
2

2
|ê3〉,

|m2〉 =
√

2

2
|ê1〉 + i

√
2

2
|ê2〉,

|m3〉 = 1

2
|ê1〉 − i

2
|ê2〉 −

√
2

2
|ê3〉, (H28)

with

|ê1〉 =
∫

dt
∫

dti �̂(t, ti )|t〉|ti〉,

|ê2〉 =
∫

dt
∫

dti
√

2(1 − κ )(σ (t − ˆ̄t )

+ σi(ti − t̄0))�̂(t, ti )|t〉|ti〉,

|ê3〉 =
∫

dt
∫

dti
√

2(1 + κ )(σ (t − ˆ̄t )

− σi(ti − t̄0))�̂(t, ti )|t〉|ti〉, (H29)

�̂(t, ti ) = (1 − κ2)1/4

√
2σσi

π
exp

{−i ˆ̄ω(t − ˆ̄t )

− iω̄i(ti − t̄0) − (t − ˆ̄t )2σ 2 − (ti − t̄0)2σ 2
i

+ 2κ (t − ˆ̄t )(ti − t̄0)σσi
}
, (H30)
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where ˆ̄t and ˆ̄ω are estimators of t̄ and ω̄, respectively. We can
verify that the probabilities of the measurement results are

p1 = |〈m1|ψ〉|2 =
∣∣∣∣∣12 〈ê1|e1〉 + i

2
〈ê2|e1〉 +

√
2

2
〈ê3|e1〉

∣∣∣∣∣
2

,

p2 = |〈m2|ψ〉|2 =
∣∣∣∣∣
√

2

2
〈ê1|e1〉 − i

√
2

2
〈ê2|e1〉

∣∣∣∣∣
2

,

p3 = |〈m3|ψ〉|2 =
∣∣∣∣∣12 〈ê1|e1〉 + i

2
〈ê2|e1〉 −

√
2

2
〈ê3|e1〉

∣∣∣∣∣
2

,

(H31)

which gives the classical Fisher information matrix as

FC =
(

2σ 2(1 + κ ) 0
0 1

2σ 2(1−κ )

)
, (H32)

from which we have σ 2
t̄ = 1

2σ 2(1+κ ) and σ 2
ω̄ = 2σ 2(1 − κ ),

which saturates the refined Arthurs-Kelly relation, σt̄σω̄ =√
1−κ√
1+κ

. The constructed measurement is thus optimal.
We note that the heuristic measurement proposed by

Zhuang et al. [76] and further analyzed by Huang et al. [79]
can be seen as a particular choice of commuting observ-
ables {Oj} that achieves the minimum error for approximating
the reparametrized SLDs {L ′̄

t , L′
ω̄}. The detection methods

in [76,79] start from an entangled signal-idler biphoton, apply
an appropriate biphoton unitary, and then perform intensity
measurements of two commuting observables,

W+ = W ⊗ Ii + Is ⊗ Wi

=
∫

dω

∫
dωi(ω + ωi )|ω〉〈ω| ⊗ |ωi〉〈ωi|,

T− = T ⊗ Ii − Is ⊗ Ti

=
∫

dt
∫

dti(t − ti )|t〉〈t | ⊗ |ti〉〈ti|, (H33)

where W = ∫
dωω|ω〉〈ω|, Wi = ∫

dωiωi|ωi〉〈ωi|, T =∫
dtt |t〉〈t |, and Ti = ∫

dtiti|ti〉〈ti|. Using the standard
time-frequency conjugacy [T,W ] = i and [Ti,Wi] = i, and
the fact that operators acting on different arms commute, one
obtains [T−,W+] = 0. This constitutes a continuous-spectrum
joint measurement in the common eigenbasis {|ω+, t−〉},
with eigenvalues ω+ = ω + ωi and t− = t − ti. Following
Ref. [79], we set σ = σi, t̄0 = 0, and ω̄i0 = 0. With this
convention, consider the commuting observables

O1 =
∫

dt
∫

dti(1 + κ )σ (t − ti − t̄ )|t〉〈t | ⊗ |ti〉〈ti|

= (1 + κ )σ [T− − t̄ (Is ⊗ Ii )],

O2 =
∫

dω

∫
dωi

√
1 + κ

1 − κ

2(ω + ωi ) − ω̄

2σ
|ω〉〈ω| ⊗ |ωi〉〈ωi|

=
√

1 + κ

1 − κ

2W+ − ω̄(Is ⊗ Ii )

2σ
, (H34)

TABLE I. The information list of two qubits used in the
demonstration.

Qubit 1 2

Relaxation time T1 (µs) 22.8 25
Coherence time T2 (µs) 19.9 14.65
Qubit frequency (GHz) 4.524 4.652
Readout frequency (GHz) 6.832 6.882
Average fidelity of CNOT gate 0.985 0.984

which gives

|o1〉 = O1|�〉 =
∫

dt
∫

dti(1 + κ )σ (t− − t̄ )�(t, ti )|t〉|ti〉

=
√

2(1 + κ )

2
|e3〉,

|o2〉 = O2|�〉=−i
∫

dt
∫

dti
√

1 − κ2σ (t+ − t̄ )�(t, ti )|t〉|ti〉

= − i
√

2(1 + κ )

2
|e2〉. (H35)

These coincide with the optimal {|o1〉, |o2〉} constructed in
Eq. (H24), and saturate the lower bound in Eq. (B20). More-
over, O1 depends only on T− and O2 depends only on W+,
hence they commute and share the same eigenbasis {|ω+, t−〉}.
This recovers the measurement in Refs. [76,79]. In this case,
the measurement has a continuous-spectrum outcome, while
our previous construction makes use of the fact that all infor-
mation is encoded in an effective three-dimensional subspace,
which leads to optimal measurements with three outcomes
that are sufficient to estimate two parameters.

APPENDIX I: DEMONSTRATION ON A CLOUD-BASED
SUPERCONDUCTING QUANTUM COMPUTER

In this Appendix, we present demonstrations of two esti-
mation tasks on a cloud superconducting quantum computer,
one example for the estimation of two parameters and the
other for the estimation of three parameters.

The demonstrations are conducted using the “ScQ-
P136”(“Baiwang”) backend on the “Quafu” cloud supercon-
ducting quantum computing platform, where the fidelity of
single-qubit gate operations exceeds 99%. Figure 5 shows the
layout of the ScQ-P136 device. In the quantum circuit shown
in Figs. 6 and 7, qubits q0 and q1 correspond to the physical
qubits indexed as 1 and 2 on the ScQ-P136, respectively.
Additional details about these qubits are provided in Table I.

1. Estimation of two parameters

We first consider the simultaneous estimation of two ro-
tational parameters (α, θ ), encoded in a single-qubit state
prepared as

|ψ〉 = Rz(−α)Ry(−θ )σx|0〉, (I1)

where Ri(θ ) = e− i
2 θσi are the rotation operators with i ∈

{x, y, z}, and σx,y,z denote the Pauli X, Y, and Z gates,
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FIG. 5. Diagram of the “ScQ-P136”(“Baiwang”) processor on the “Quafu” cloud quantum computation platform.

respectively. Explicitly, the state |ψ〉 can be written as

|ψ〉 =
(

e
iα
2 sin θ

2

e− iα
2 cos θ

2

)
. (I2)

The corresponding SLDs for the parameters α and θ are given
by

Lα =
(

0 ieiα sin θ

−ie−iα sin θ 0

)
,

Lθ =
(

sin θ eiα cos θ

e−iα cos θ − sin θ

)
. (I3)

The QFIM can then be obtained as FQ = (sin2 θ 0
0 1), which is

not Identity. We thus first make a reparametrization as(
α′
θ ′

)
= F

1
2

Q

(
α

θ

)
, (I4)

under which the SLDs become

L′
α = Lα√

Fαα

=
(

0 ieiα

−ie−iα 0

)
,

L′
θ = Lθ√

Fθθ

=
(

sin θ eiα cos θ

e−iα cos θ − sin θ

)
. (I5)

In this case β = Im〈L′
αL′

θ 〉 = −1, from which we obtained the
minimal tradeoff relation as

Tr
(
F−1

Q FC
) = 1, (I6)

which coincides with the Gill-Massar bound.

We then provide two optimal measurements that saturate
this bound.

First, we have

|l1〉 = L′
α ⊗ I|ψ〉|0〉 =

⎛
⎜⎜⎜⎜⎜⎝

ie
iα
2 cos θ

2

0

−ie− iα
2 sin θ

2

0

⎞
⎟⎟⎟⎟⎟⎠,

|l2〉 = L′
θ ⊗ I|ψ〉|0〉 =

⎛
⎜⎜⎜⎜⎜⎝

e
iα
2 cos θ

2

0

−e− iα
2 sin θ

2

0

⎞
⎟⎟⎟⎟⎟⎠. (I7)

Since β = −1, we choose

|l⊥〉 = |ψ〉|1〉 =

⎛
⎜⎜⎜⎜⎜⎝

0

ie
iα
2 cos θ

2

0

−ie− iα
2 sin θ

2

⎞
⎟⎟⎟⎟⎟⎠, (I8)

which satisfies 〈l1|l⊥〉 = 〈l2|l⊥〉 = 0 and 〈l⊥|l⊥〉 = 1. With
Eq. (B23) we can then obtain the optimal {|o1〉, |o2〉} as (with
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ϕ taken as 0)

|o1〉 = 1

2
|l1〉 − i

2
|l⊥〉 = 1

2

⎛
⎜⎜⎜⎜⎜⎝

ie
iα
2 cos θ

2

−ie
iα
2 sin θ

2

−ie− iα
2 sin θ

2

−ie− iα
2 cos θ

2

⎞
⎟⎟⎟⎟⎟⎠,

|o2〉 = − i

2
|l1〉 + 1

2
|l⊥〉 = 1

2

⎛
⎜⎜⎜⎜⎜⎝

e
iα
2 cos θ

2

e
iα
2 sin θ

2

−e− iα
2 sin θ

2

e− iα
2 cos θ

2

⎞
⎟⎟⎟⎟⎟⎠. (I9)

It is easy to compute that 〈o1|o1〉 = 〈o2|o2〉 = 1
2 , 〈o1|o2〉 = 0.

To get the optimal measurement, we let

|a1〉 = |ψ〉|0〉,

|a2〉 = |o1〉√〈o1|o1〉
,

|a3〉 = |o2〉√〈o2|o2〉
, (I10)

and choose an additional vector

|a4〉 =

⎛
⎜⎜⎝

0
−e

iα
2 cos θ

2
0

e− iα
2 sin θ

2

⎞
⎟⎟⎠

to make a complete basis. Putting these bases together, we get
a unitary matrix

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e
iα
2 sin θ

2
ie

iα
2 cos θ

2√
2

e
iα
2 cos θ

2√
2

0

0 − ie
iα
2 sin θ

2√
2

e
iα
2 sin θ

2√
2

−e
iα
2 cos θ

2

e− iα
2 cos θ

2 − ie
−iα

2 sin θ
2√

2
− e− iα

2 sin θ
2√

2
0

0 − ie− iα
2 cos θ

2√
2

− e− iα
2 cos θ

2√
2

e− iα
2 sin θ

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(I11)

One optimal measurement can be obtained by choosing a real
orthogonal matrix as

B =

⎛
⎜⎜⎜⎜⎜⎝

1
2
√

3
− 1

2
1√
6

− 1√
2

1
2

1
2
√

3
− 1√

2
− 1√

6
1√
6

− 1√
2

1
2
√

3
− 1

2
1√
2

1√
6

1
2

1
2
√

3

⎞
⎟⎟⎟⎟⎟⎠. (I12)

The optimal project measurement in this case, denoted as
Mopt

1 = {|m1〉, |m2〉, |m3〉, |m4〉}, which corresponds to the
rows of U = BA−1, is

|m1〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

− 1
12 e

iα̂
2
(
(2

√
3 + i3

√
2) cos θ̂

2 − 2
√

3 sin θ̂
2

)
1

12 e
iα̂
2
( − 6

√
2 cos θ̂

2 − (2
√

3 − i3
√

2) sin θ̂
2

)
1

12 e− iα̂
2
(
2
√

3 cos θ̂
2 + (2

√
3 + i3

√
2) sin θ̂

2

)
− 1

12 e− iα̂
2
(
(2

√
3 − i3

√
2) cos θ̂

2 − 6
√

2 sin θ̂
2

)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

|m2〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

− 1
12 e

iα̂
2
(
(6 − i

√
6) cos θ̂

2 − 6 sin θ̂
2

)
1

12 e
iα̂
2
(
2
√

6 cos θ̂
2 − (6 + i

√
6) sin θ̂

2

)
1

12 e− iα̂
2
(
6 cos θ̂

2 + (6 − i
√

6) sin θ̂
2

)
1

12 e− iα̂
2
(
(6 + i

√
6) cos θ̂

2 + 2
√

6 sin θ̂
2

)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

|m3〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
12 e

iα̂
2
(
(
√

6 − i6) cos θ̂
2 + 2

√
6 sin θ̂

2

)
1

12 e
iα̂
2
(
6 cos θ̂

2 + (
√

6 + i6) sin θ̂
2

)
1

12 e− iα̂
2
(
2
√

6 cos θ̂
2 − (

√
6 − i6) sin θ̂

2

)
1

12 e− iα̂
2
(
(
√

6 + i6) cos θ̂
2 − 6 sin θ̂

2

)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

|m4〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
12 e

iα̂
2
(
(3

√
2 + i2

√
3) cos θ̂

2 + 6
√

2 sin θ̂
2

)
1

12 e
iα̂
2
( − 2

√
3 cos θ̂

2 + (3
√

2 − i2
√

3) sin θ̂
2

)
1

12 e− iα̂
2
(
6
√

2 cos θ̂
2 − (3

√
2 + i2

√
3) sin θ̂

2

)
1

12 e− iα̂
2
(
(3

√
2 − i2

√
3) cos θ̂

2 + 2
√

3 sin θ̂
2

)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(I13)

Here we use α̂ and θ̂ to denote the estimated values of α, θ ,
which need to be adaptively updated in practice when the
values are not known a priori.

By choosing a different B as

B =

⎛
⎜⎜⎜⎜⎜⎝

1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2

1
2

1
2 − 1

2 − 1
2 − 1

2
1
2

1
2 − 1

2
1
2

⎞
⎟⎟⎟⎟⎟⎠. (I14)

we can obtain another optimal measurement Mopt
2 =

{|m′
1〉, |m′

2〉, |m′
3〉, |m′

4〉} as

|m′
1〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2 e

iα̂
2
( (1+i) cos θ̂

2√
2

+ sin θ̂
2

)
1
2 e

iα̂
2
( (1+i) cos θ̂

2√
2

+ sin θ̂
2

)
1
2 e− iα̂

2
(

cos θ̂
2 − (1+i) sin θ̂

2√
2

)
1
2 e− iα̂

2
(

cos θ̂
2 − (1+i) sin θ̂

2√
2

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

|m′
2〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2 e

iα̂
2
( (1−i) cos θ̂

2√
2

+ sin θ̂
2

)
− 1

2 e
iα̂
2
( (1−i) cos θ̂

2√
2

+ sin θ̂
2

)
1
2 e− iα̂

2
(

cos θ̂
2 − (1−i) sin θ̂

2√
2

)
− 1

2 e− iα̂
2
(

cos θ̂
2 − (1−i) sin θ̂

2√
2

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

|m′
3〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2 e

iα̂
2
(− (1+i) cos θ̂

2√
2

+ sin θ̂
2

)
1
2 e

iα̂
2
(− (1+i) cos θ̂

2√
2

+ sin θ̂
2

)
1
2 e− iα̂

2
(

cos θ̂
2 + (1+i) sin θ̂

2√
2

)
1
2 e− iα̂

2
(

cos θ̂
2 + (1+i) sin θ̂

2√
2

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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FIG. 6. Quantum circuits used in the two-parameter estimation task. Each circuit is read from left to right. The first qubit is denoted q1 and
the second qubit is denoted q0. In (a), (b), q0 acts as the ancilla qubit. The true values of the two parameters are α = 0.1, θ = π

6 . The circuit
diagram was constructed using the PYQUAFU package. (a) Quantum circuit of estimating two parameters with optimal measurement Mopt

1 and
(b) Quantum circuit of estimating two parameters with optimal measurement Mopt

2 .

|m′
4〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1
2 e

iα̂
2
( (1−i) cos θ̂

2√
2

− sin θ̂
2

)
1
2 e

iα̂
2
( (1−i) cos θ̂

2√
2

− sin θ̂
2

)
1
2 e− iα̂

2
(

cos θ̂
2 + (1−i) sin θ̂

2√
2

)
− 1

2 e− iα̂
2
(

cos θ̂
2 + (1−i) sin θ̂

2√
2

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (I15)

where α̂ and θ̂ are the adaptively updated parameter estimates.
Figure 6 shows the quantum circuits for the estimation

of two parameters, which consist of the preparation of the
state and the implementation of the optimal measurements,
where Fig. 6(a) corresponds to Mopt

1 and Fig. 6(b) corre-
sponds to Mopt

2 . Here Mopt
2 is designed to reduce the circuit

depth compared to Mopt
1 . The quantum processor used in our

demonstrations performs projective measurements in the z
basis. Applying the unitary transformation U = BA−1 before
the measurement allows the optimal measurement to be im-
plemented through standard projective measurements in the
z basis. This two-qubit unitary U is decomposed into ele-
mentary gates using the “QISKIT” package [89]. Specifically,
the “TwoQubitBasisDecomposer” class is employed to per-
form the decomposition with the minimal number of CNOT

gates and single-qubit operations implemented through using
sequences of Rz and Ry rotations. The circuit implementing
Mopt

1 requires 3 CNOT gates and 22 single-qubit rotation gates,
whereas the implementation of Mopt

2 requires only 2 CNOT

gates and 14 single-qubit rotations, which results in a higher
fidelity and better performance in the presence of platform
noise.

2. Estimation of three parameters

We provide another example on the simultaneous estima-
tion of three parameters, (α1, θ1, γ1), encoded in a two-qubit
state,

|ψ (α1, θ1, γ1)〉
= [I2 ⊗ Rz(α1)], CNOT, [HRy(θ1) ⊗ Ry(γ1)]|00〉, (I16)

where H denotes the Hadamard gate and CNOT denotes the
controlled-NOT gate, with the first qubit serving as the control
qubit.

The parametrized two-qubit pure state can be explicitly
written as

|ψ〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1√
2
e− iα1

2 cos γ1

2

(
cos θ1

2 − sin θ1
2

)
1√
2
e

iα1
2 sin γ1

2

(
cos θ1

2 − sin θ2
2

)
1√
2
e− iα1

2 sin γ1

2

(
cos θ1

2 + sin θ1
2

)
1√
2
e

iα1
2 cos γ1

2

(
cos θ1

2 + sin θ1
2

)

⎞
⎟⎟⎟⎟⎟⎟⎠

. (I17)

The corresponding SLDs, denoted as Lα1 , Lθ1 , and Lγ1 , can be
obtained from which we can get FQ and FIm as

FQ =

⎛
⎜⎜⎝

1
4 (3 + cos 2θ1 − 2 cos 2γ1 sin2 θ1) 0 0

0 1 0

0 0 1

⎞
⎟⎟⎠,

FIm =

⎛
⎜⎜⎝

0 − cos θ1 cos γ1 sin θ1 sin γ1

cos θ1 cos γ1 0 0

− sin θ1 sin γ1 0 0

⎞
⎟⎟⎠.

(I18)

Since FQ is not Identity, we first make a parametrization with

⎛
⎜⎜⎝

α′
1

θ ′
1

γ ′
1

⎞
⎟⎟⎠ = F

1
2

Q

⎛
⎜⎜⎝

α1

θ1

γ1

⎞
⎟⎟⎠, (I19)

under which

L′
α1

= Lα1√
Fα1α1

; L′
θ1

= Lθ1 ; L′
γ1

= Lγ1 , (I20)
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F̃Q = I , and

F̃Im =

⎛
⎜⎜⎜⎜⎝

0 − 2 cos θ1 cos γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

2 sin θ1 sin γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

2 cos θ1 cos γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

0 0

− 2 sin θ1 sin γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

0 0

⎞
⎟⎟⎟⎟⎠. (I21)

The eigenvalues of F̃Im are ±i
√

2+2 cos 2θ1 cos 2γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

and 0, which give the tradeoff relation

Tr
(
F−1

Q FC
)

� 1

2

∑
j

(1 +
√

1 − |λ j |2) = 2 + 2|cos θ1 sin γ1|√
3 + cos 2θ1 − 2 sin2 θ1 cos 2γ1

. (I22)

We then perform another reparametrization

(
α′′

1
θ ′′

1
γ ′′

1

)
= P

(
α′

1
θ ′

1
γ ′

1

)
with

P =

⎛
⎜⎜⎜⎝

0 −
√

2 cos θ1 cos γ1√
1+cos 2θ1 cos 2γ1

√
2 sin θ1 sin γ1√

1+cos 2θ1 cos 2γ1

1 0 0

0 −
√

2|sin θ1 sin γ1|√
1+cos 2θ1 cos 2γ1

−
√

2 cot θ1 cot γ1|sin θ1 sin γ1|√
1+cos 2θ1 cos 2γ1

⎞
⎟⎟⎟⎠, (I23)

to transform PF̃ImPT into the block-diagonal form as

PF̃ImPT =

⎛
⎜⎜⎝

0 −
√

2+2 cos 2θ1 cos 2γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

0
√

2+2 cos 2θ1 cos 2γ1√
3+cos 2θ1−2 sin2 θ1 cos 2γ1

0 0

0 0 0

⎞
⎟⎟⎠. (I24)

After the reparametrization, the SLDs become

L′′
α1

= −
√

2 cos θ1 cos γ1√
1 + cos 2θ1 cos 2γ1

L′
θ1
+

√
2 sin θ1 sin γ1√

1 + cos 2θ1 cos 2γ1
L′

γ1
,

L′′
θ1

= L′
α1

,

L′′
γ1

= −
√

2|sin θ1 sin γ1|√
1 + cos 2θ1 cos 2γ1

L′
θ1

−
√

2 cot θ1 cot γ1|sin θ1 sin γ1|√
1 + cos 2θ1 cos 2γ1

L′
γ1

. (I25)

To construct optimal measurement, we first let

|l1〉 = L′′
α1

|ψ〉,
|l2〉 = L′′

θ1
|ψ〉,

|l3〉 = L′′
γ1

|ψ〉. (I26)

Note that ancillary system is not necessary in this case. We
then construct the optimal {|o1〉, |o2〉, |o3〉} as in Eq. (B24)

|o1〉 = 1 + cos φ

2 cos φ
|l1〉 + i sin φ

2 cos φ
|l2〉,

|o2〉 = − i sin φ

2 cos φ
|l1〉 + 1 + cos φ

2 cos φ
|l2〉,

|o3〉 = |l3〉. (I27)

here

sin φ = −
√

2 + 2 cos 2θ1 cos 2γ1√
3 + cos 2θ1 − 2 sin2 θ1 cos 2γ1

,

cos φ = 2| cos θ1 sin γ1|√
3 + cos 2θ1 − 2 sin2 θ1 cos 2γ1

.

It is easy to see that

〈o1|o1〉 = 〈o2|o2〉 = 1

2
+ |cos θ1 sin γ1|√

3 + cos 2θ1 − 2 sin2 θ1 cos 2γ1

,

〈o1|o2〉 = 0. (I28)

To construct the optimal measurement, we let

|a1〉 = |ψ〉,

|a2〉 = |o1〉√〈o1|o1〉
,

|a3〉 = |o2〉√〈o2|o2〉
, (I29)

and add an additional orthonormal vector

|a4〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1√
2

√
(1 − sin θ1) cos2 γ1

2
1
2 eiα tan γ1

2

√
(1 − sin θ1)(1 + cos γ1)

cos θ1 sin γ1

2
√

(1−sin θ1 )(1+cos γ1 )
eiα cos θ1 cos2 γ1

2

2
√

(1−sin θ1 )(1+cos γ1 )

⎞
⎟⎟⎟⎟⎟⎟⎠

to form a complete basis. These vectors can be put together to
get a unitary matrix, A, as

A = (|a1〉 |a2〉 |a3〉 |a4〉). (I30)
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FIG. 7. Quantum circuits used in the three-parameter estimation task. The circuit reads from left to right. In (a), (b), the true values of
the three parameters are α1 = π

8 , θ1 = π

16 , γ1 = π

4 . The circuit diagram was constructed using the PYQUAFU package. (a) Quantum circuit
of estimating three parameters with optimal measurement Mopt and (b) Quantum circuit of estimating three parameters with non-optimal
measurement M.

We then choose a real orthogonal matrix, B, as

B =

⎛
⎜⎜⎜⎜⎜⎝

1
2

1
2

1
2

1
2

1
2 − 1

2
1
2 − 1

2
1
2

1
2 − 1

2 − 1
2

1
2 − 1

2 − 1
2

1
2

⎞
⎟⎟⎟⎟⎟⎠. (I31)

to get a unitary U = BA−1. The optimal measurement can
then be obtained as the projective measurement on the basis
given by the rows of U . We note that the optimal measurement
depends on the true value of α1, θ1, and γ1. In practice we will
use their estimators, α̂1, θ̂1, and γ̂1 which need to be adap-
tively updated. In our demonstrations, we conduct the optimal
measurement directly to approach our theoretical bound with
α̂1 = α1, θ̂1 = θ1, and γ̂1 = γ1. It is straightforward to verify
that under this measurement, the minimal tradeoff relation is
saturated.

To benchmark the performance of the optimal
strategy, we introduce a nonoptimal measurement
M = {|w1〉, |w2〉, |w3〉, |w4〉} as a comparison,

|w1〉 = |+〉 ⊗ |+〉,
|w2〉 = |+〉 ⊗ |−〉,
|w3〉 = |−〉 ⊗ |+〉,
|w4〉 = |−〉 ⊗ |−〉, (I32)

where |+〉 and |−〉 are eigenvectors of σx corresponds to the
maximal and minimal eigenvalues respectively.

Figure 7 presents the quantum circuits designed for the
three-parameter estimation task. In particular, Fig. 7(a) il-
lustrates the circuit implementing the optimal measurement
Mopt, while Fig. 7(b) shows the circuit corresponding to the
nonoptimal measurement M.

The circuit implementing Mopt consists of 3 CNOT gates
and 23 single-qubit rotations. In contrast, the circuit for the
nonoptimal measurement M adopts a much simpler configu-
ration, requiring only two Hadamard gates. This comparison
highlights the advantage of the optimal measurement strategy
in achieving the fundamental tradeoff relation.

3. Implementation process

The demonstration begins by applying a sequence of
single-qubit rotation gates with unknown parameters to qubits
initially prepared in the |0〉 state. Using our proposed
methodology, we design and implement optimal measure-
ment circuits that are theoretically guaranteed to achieve
the fundamental precision bound (see Figs. 6 and 7 for
the circuit implementations). Since the optimal measurement
may depend on the true values of the parameters, in this
proof-of-principle demonstration we design the circuits us-
ing estimators x̂ = x fixed at the true parameter values. In
practical scenarios where the parameters are unknown, these
estimators must be adaptively updated.

In the first demonstration, the unknown parameters are x =
(α, θ ); in the second demonstration, the parameters are x =
(α1, θ1, γ1). For each measurement setting (including Mopt

1 ,
Mopt

2 , Mopt, and the reference measurement M), we perform
Nshots = 2000 measurement shots per run. We repeat the full
procedure N = 400 times, so that each run l = 1, . . . , N pro-
duces a set of outcome counts {n(l )

i } and the corresponding
empirical frequencies pmeas,(l )

i = n(l )
i /Nshots. From the mea-

surement data, the estimator x̂(l ) in run l is obtained by
maximum-likelihood estimation. Specifically, we maximize
the log-likelihood

x̂(l ) = arg max
x

∑
i

pmeas,(l )
i ln pi(x), (I33)

where pi(x) denotes the ideal probability of outcome i for the
implemented circuit and parameters x.

To quantify the estimation performance, we compute the
covariance matrix Cov(x̂) from the N = 400 independent
runs, each based on Nshots = 2000 shots. Given the potential
for high gate error rates to introduce bias into the estimator, as
highlighted in [42], the covariance matrix is computed as

[Cov(x̂)] jk = 1

N

N∑
l=1

(
x̂(l )

j − x̄ j
)(

x̂(l )
k − x̄k

)
, (I34)

where x̂(l )
j denotes the jth component of the estimator in the

lth run, and x̄ j is the sample mean of x̂ j over all N runs.
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