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A fundamental challenge in multiparameter quantum estimation arises from the incompatibility of
optimal measurements for different parameters, leading to intricate precision trade-offs that obscure the
understanding of ultimate quantum limits. Here, we present an approach that precisely quantifies these
trade-offs for an arbitrary number of parameters encoded in pure quantum states. Our approach not only
derives tight analytical bounds for the trade-offs induced by measurement incompatibility but also provides
a systematic methodology to design optimal measurement strategies that saturate these limits. To
demonstrate the practical significance of our findings, we apply our framework to quantum radar and
obtain a refined Arthurs-Kelly relation that characterizes the ultimate performance for the simultaneous
estimation of range and velocity with any given amount of entanglement. This showcases the
transformative potential of our findings for a wide range of applications in quantum metrology, sensing,

and beyond.
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Quantum metrology exploits quantum mechanical phe-
nomena, such as superposition and entanglement, to
achieve precision surpassing the limits of classical tech-
niques. While the ultimate bounds for single-parameter
estimation are well established through the quantum
Cramér-Rao bound (QCRB) [1-6], the extension to multi-
parameter scenarios presents significantly greater theoreti-
cal and practical challenges [7-29]. The core difficulty
stems from the incompatibility between optimal measure-
ment strategies for different parameters—a uniquely quan-
tum phenomenon with no classical counterpart. This
incompatibility arises directly from the noncommutativity
of quantum observables, which prevents their simultaneous
perfect measurement and gives rise to inherent precision
trade-offs in multiparameter estimation. These trade-offs
create complex optimization landscapes where improving
precision in one parameter inevitably affects others. The
development of novel approaches to characterize and
quantify these trade-offs is one of the central focuses in
quantum metrology [30-51]. Prior studies identify the
Holevo bound and the Nagaoka—Hayashi bound as tight
benchmarks for pure-state models in the general case.
However, both typically require numerical evaluation
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and do not provide an explicit analytical route to con-
structing the optimal measurement [1,14,36-39,44-49].
A key gap thus remains in multiparameter quantum
estimation: a generally tight analytical bound that captures
the trade-off, together with a constructive procedure for
designing the measurements saturating the bound.

In this Letter, we present a tight analytical trade-off
relation that defines the ultimate precision limits for
estimating an arbitrary number of parameters encoded in
pure quantum states, where measurement incompatibility
imposes fundamental constraints. Furthermore, we provide
systematic constructions of infinitely many optimal mea-
surements that saturate the trade-off relation. This abun-
dance of optimal measurements is particularly valuable for
practical implementations, as it enables the selection of
measurement schemes that are most robust against specific
noise profiles in a practical scenario. We demonstrate the
power of our approach by solving a fundamental problem
in quantum radar: determining the optimal precision for the
simultaneous estimation of range and velocity using
entangled light. We derive a refined Arthurs-Kelly uncer-
tainty relation for this scenario, providing a general solution
to this long-standing problem in quantum radar. Our
approach provides fundamental insights into the trade-offs
inherent in multiparameter estimation while simultaneously
offering optimal designs of measurement protocols that
approach the fundamental limits.

© 2026 American Physical Society


https://orcid.org/0000-0002-9380-5478
https://orcid.org/0000-0001-7578-7248
https://orcid.org/0000-0002-6493-4481
https://ror.org/00t33hh48
https://ror.org/00t33hh48
https://ror.org/00t33hh48
https://ror.org/01vy4gh70
https://crossmark.crossref.org/dialog/?doi=10.1103/dvj7-9thf&domain=pdf&date_stamp=2026-07-08
https://doi.org/10.1103/dvj7-9thf
https://doi.org/10.1103/dvj7-9thf

PHYSICAL REVIEW LETTERS 137, 020804 (2026)

To estimate a set of parameters, x = (xi,...,x,),
encoded in a quantum state, p,, we need to first perform
a positive operator-valued measurement (POVM), denoted
by {M,, >0|>, M, = I}, onthe state. The probability of
obtaining the measurement result m is given by
p(m|x) = Tr(M,,p,), and from the measurement out-
comes, estimators % = (%,...,%,) can be constructed.
For any locally unbiased estimators, the covariance matrix
is lower bounded as

RN I

Cov(x)Z;FCl Z;FQI' (1)
The first inequality is the Cramér-Rao bound (CRB)
[52], where F( is the classical Fisher information matrix
(CFIM) with the jkth entry given by (F¢); =
> |0y, p(m|x)0y, p(m|x)/p(m|x)], and v is the number of
repeated measurements. The Cramér-Rao bound can be
asymptotically saturated by maximum-likelihood estimators.
Regardless of the choice of the measurement, the CFIM is
upper bounded by the quantum Fisher information matrix
(QFIM) with F¢ < F, leading to the second inequality in
Eq. (1), known as the quantum Cramér-Rao bound (QCRB)
[2]. Here (Fg) jx = 3Tr(p{L;, Li}), where L, is the sym-
metric logarithmic derivative (SLD) for x,, satisfying
O, Px = L(p.L ¢ T Lypy)- Inthis Letter, we focus on the case
that all parameters are locally identifiable where F is
invertible.

The QFIM corresponds to the real part of the geometrical
tensor F, which is an n x n matrix with the jkth entry given
by Fj = Tr(p,L;L;). The imaginary part of this tensor,
denoted as Fi, with (Fpy) % = 5 Tr(p,[L;. Ly]), is propor-
tional to the Berry curvature of the parametrized quantum
states, yielding the decomposition F = Fg + iFy,.
Importantly, Fp, provides a quantitative signature of
measurement incompatibility in multiparameter estimation.
In single-parameter quantum estimation, Fy, naturally
vanishes, and an optimal measurement strategy—such as
projective measurements on the eigenvectors of the SLD
operator—always exists to saturate the QCRB [3.,4]. In
contrast, multiparameter estimation is significantly more
complex. A nonzero Fr, indicates the incompatibility of
the optimal measurements for different parameters, render-
ing the QCRB generally unattainable. This leads to a
fundamental gap between the classical and quantum
Fisher information matrices, resulting in trade-offs in the
achievable precision for estimating different parameters
[51,53-64]. Quantifying such trade-offs constitutes a cen-
tral challenge in determining the fundamental precision
limits of multiparameter quantum metrology.

To quantify the precision trade-off under general POVMs
{M,,}, we adopt the metric [30-34,44]

I' = maxTr(F; F), 2
maxTe (g o) @)

which is invariant under reparametrization. When there is
no incompatibility, i.e., there exists a POVM to make
F¢ = Fp,wehaveI" = Tr(I,) = n, where n is the number
of parameters. In the presence of incompatibility, Fr < F,
we have I' < n. The gap between I' and n quantifies the
trade-off.

As one of the main results of this Letter, we provide a
tight analytical bound on I for the estimation of an arbitrary
number of parameters encoded in pure states (see Sec. IIl in
[65] for detailed derivation).

Theorem 1—For the simultaneous estimation of arbitrary
n parameters encoded in a pure state p, = |V, )(¥,|,
we have

(1= /1 =12, (3)

_1 _1
where {4;,...,4,} are eigenvalues of F ;' Fi,F .
The gap between I' and »n, which is

%Z;zl(l — /1 —144*), quantifies the precision trade-

off imposed by measurement incompatibility. This bound
is tight for pure states and also valid for mixed states. For
mixed states, though it is generally not achievable, the
bound can be tighter than existing analytical bounds
[30-32].

The result includes several known results as special cases.
First, the gap vanishes if and only if Fj,, = 0. This is exactly
the weak commutativity condition, Tr(p,[L;, L]) =0,
Y j, k, which is necessary and sufficient for the saturation
of QCRB in the case of pure states [1,20,45]. Second, for the
estimation of 2d — 2 parameters encoded in a d-dimensional

_1 _1
pure state, all eigenvalues of F, Fi,F ' satisfy |4,] =1,
V g=1,...,2d — 2 (see Ref. [65] for derivation). In this
case the trade-off relation reduces to Tr(Fy'Fc) < 2d-

2—1(2d—-2)=d-1, which recovers the Gill-Massar
bound [32]. For n < 2d — 2, the bound derived here is in
general tighter than the Gill-Massar bound [32]. The detailed
derivation of the bound and extensive comparisons with
existing bounds can be found in the accompanying paper [65].

The trade-off emerges from the fundamental impossibil-
ity of simultaneously measuring the noncommuting SLDs,
{L;|j = 1....,n}, where L, is associated with parameter x;
and represents the optimal observable for estimating that
parameter. Quantitatively, this limitation manifests as
residual errors when a single POVM is used to approx-
imately measure all the noncommuting L;. The detailed
derivation of this link is presented in Ref. [65]. Below, we
outline the central concept.

A general POVM, {M,}, on a state |¥,), can be
effectively implemented as a projective measurement,
{|m)({m|}, on an augmented state |¥,)|¢), where |£) is
an ancillary state. From the projective measurement, we can
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construct a set of commuting observables, {O; =
> o fj(m)|m)(m||f;(m) €R}, to approximate {L; ® I},
where [ is the identity operator on the ancilla. The mean
squared error (MSE) of the approximation [53-64],

€7 = (E(¥,[(0; = L; @ D)*[¥,)[8). (4)

is closely related to the discrepancy between F¢ and F.
Specifically, by choosing the optimal f;(m) under the
(. g}Z =Tr(Fy—Fc) [65].

Under the reparametrization X = F lQ/ 2, where the quantum

measurement, we have

Fisher information matrix changes to F o =1 and the
classical Fisher information matrix changes to

- -1 -1
Fc =FyFcFy, this yields the relation
Y @ =Tr(Fg—Fc)=n-Tr(Fg'F¢c).  (5)
=1

which directly links the total approximation error to the gap
between n and Tr(F él F¢). Identifying the optimal set of
commuting observables that approximate the SLDs with
minimal error corresponds exactly to the minimization of
the trade-off.

The total mean squared error can be expressed as a sum
of squared Euclidean distances between vectors

znjef = z”: lloj) = 11117, (6)
j=1 j=1

where |1}) = L; @ 11¥,)]&). |o;) = O;[¥,)[£). and [|[2) > =
(vv). Since [0;, 0] =0, we have (o0;lox) = (0k]0;),
ie., (o;lop) ER, V j k. In particular, in the measure-
ment basis, the observables O; =}, f;(m)|m){m| with
fi(m)€R are diagonal with real diagonal entries. By
appropriately choosing the global phases of the measure-
ment basis {|m)}, the state |¥,)|) can also be repre-
sented as a real vector in this basis [66], i.e., |¥,)|&) =
> . Cmlm) with ¢,, €R. Under this representation, we
have |o;) =3, f;(m)m)(m|¥,)[¢) = 3, f(m)c,|m)
with f;(m)c,, €R.

The vectors |/;), however, are generally complex. We
thus have [[|o;) = |I;)[| > |[Im|l;)||, where the equality is
achieved when |o;) = Rell;), here Re|l;) and Im |/;) denote
the real and imaginary parts of |/;), respectively. Finding
the optimal measurement thus amounts to identifying a
basis {|m)} that minimizes Y%, [[Im|/;)||*. Since a
change of basis corresponds to applying a unitary rotation
to the vectors, the problem reduces to finding the optimal
unitary U that minimizes %, || Im(U|/ )% Note that
unitary rotations do not change the inner product of vectors.
Thus if Im(/;|l;) # 0, Im(U|l;)) and Im(U|l)) cannot be
simultaneously zero. This yields the geometric picture

L) 4~

FIG. 1. Geometrical picture of the measurement incompatibil-
ity. In the measurement basis {|m)}, {|o;)} are all real vectors
while the vectors {|/;)} are in general complex. The incompat-
ibility-induced trade-off is quantified by the Euclidean distances
>>illloj) = 12;)]]>. Optimizing the measurement corresponds to
applying a unitary rotation to minimize these distances. Note that
when Im(/;|;) # 0, no unitary rotation can make |/;) and |/) real
vectors at the same time, reflecting the intrinsic incompatibility.

shown in Fig. 1: measurement incompatibility arises from
the inability to rotate all vectors {|/;)} simultaneously into
the real subspace, and the optimal measurement that
minimizes the trade-off rotates them as closely as possible
to the real vectors.

We now present a systematic procedure for constructing
optimal measurements that saturate the bound in Eq. (3).
The optimal measurements are derived from |¥,)|&) and
the optimal {|o;)}. The explicit analytical forms of optimal
{lo;)} that achieve the minimum of Eq. (6) can be found in
Sec. III of the companion paper [65]. The optimal projec-
tive measurement, {|m)}, corresponds to a basis under
which [¥,)|&) and the optimal {|o;)} are all real vectors.
Such a basis can be identified through the following two-
step procedure: (1) First, apply the Gram-Schmidt ortho-
normalization to the set {|¥,)|£).|o1). 02),...,|0,)} toO
obtain an orthonormal set {|ag),|a),|as),...,|a,)}.
These vectors can be expanded into a complete basis
by adding additional orthonormal vectors {|a;)|j =
n+1,...,d -1}, here d is the dimension of the Hilbert
space for the system + ancilla. (ii) Second, choose a real
orthonormal basis, {|by), |b;), ..., |bas_1)}, as the represen-
tation of {|ag), |a;), ...,|as—;)} in the measurement basis.
The change from the original basis to the measurement
basis is represented by the unitary that transforms {|a;)}
to {|b;)}, which is given by U= BA™', where A =
(lag),|ai), ..., lag—1)) is a matrix whose columns are
{la;)}, and B = (|by), |by), ....|bs_1)) is the real orthogo-
nal matrix whose columns are {|b;)}. The optimal meas-
urement basis is then given by the rows of U.

The optimal measurement is not unique: different
choices of the matrix B lead to different optimal measure-
ments. The only constraint on B is that when the mth entry
of the first column of B (i.e., the mth entry of | b)) is zero,
the mth entries of subsequent columns, |b;) for
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Idler Q) —_
target

FIG. 2. Radar sensing of target’s range and velocity using
entangled biphoton state.

j=1,...,n, should also be zero [67]. In particular, any B
with a first column devoid of zero entries is permissible.

Moreover, because the first column of B corresponds to
the vector ((1|¥,)|&), ..., (m|¥,)|€), - - )T, by choosing B
properly we can control the measurement probabilities
{pm = |{m|¥,)|€)|*}. This flexibility enables the engineer-
ing of probability distributions that are more robust to
practical noise, a feature of significant practical relevance
[68]. In the companion paper [65], we demonstrate this
feature on a cloud superconducting quantum computing
platform [69].

We next apply our results to quantum radar, focusing on
the simultaneous estimation of the range and velocity of a
moving object. While precision limits of quantum radar
have been explored in depth [70-78], they are primarily
established under extreme assumptions—either separable
photons or perfectly entangled biphotons [70,73]. Despite
considerable research efforts, two critical questions remain
unresolved: (1) the ultimate precision limit achievable with
a practical biphoton source that possesses only a finite
amount of entanglement and (2) the corresponding optimal
measurement strategies. This knowledge gap persists pri-
marily due to the theoretical challenges posed by meas-
urement incompatibility in such scenarios. Our method
provides the necessary tools to address these questions and
establish fundamental limits for quantum radar with prac-
tical biphoton sources.

Following the treatment of Ref. [73], we consider the
pulsed quantum radar where entangled biphotons are
employed to estimate the range and velocity of a target
simultaneously. The signal photon is transmitted toward the
target and coherently reflected, while the idler photon is
retained and later measured jointly with the returned signal.
To establish fundamental benchmarks, we focus on the
idealized scenario where the target acts as a perfect mirror
and background noise is negligible.

The range and velocity are encoded in the time of flight
and Doppler shift of the signal photon, respectively, as
illustrated in Fig. 2. For Gaussian pulses, the state of the
reflected signal and the idler is given by [65,73]
|¥) = [dt [dt;¥(t,t;)|1)|t;), where

Y(t,t;) = Nexp{—ia(t — 1) — idw;y(t; — T;) — (t — T)%0?
— (t; = 1)?0% + 2k(1 = 1) (t; = T )00y} (7)

2.0
1.5 A

& 1.0
0.5 1
0.0 T T T

0.0 0.5 1.0 1.5 2.0
0t
FIG. 3. Uncertainty relations in quantum radar using biphoton

states with different amounts of entanglement (k). Here the
dashed lines denote the uncertainty relations obtained from
QCRB and the solid lines denote the refined Arthurs-Kelly
uncertainty relations, which are achievable for the simultaneous
estimation of range and velocity. The shaded areas illustrate the
gap between the QCRB and the tight bound.

__c=v 7 _ 7 2x v 5 _
Here o = tog, 1 =1+ 2, @ = & @y, and the nor

@(1 = k)4 3 (Th), @oldn),
oo(0jy) denote the central time, central frequency, and
bandwidth of the sent (idler) photon. The coefficient
k € [0, 1) is the correlation between the signal and the idler
photon, which quantifies the entanglement between two
photons. x =0 corresponds to two separable photons,
while the limit x = 1 corresponds to perfect entanglement,
which is not realizable in practice. The range x and velocity
v can be obtained from the central time 7 and the frequency
@ of the returned signal photon. The quantum Fisher

malization factor N =

information matrix for 7 and @ is Fyp = (482 0 ) A

o‘z(l—KZ)
trade-off relation for the simultaneous estimation of 7 and @
has previously been derived directly from QCRB [73]:

(8)

where o7 and o; denote the standard deviations for the
estimation of 7 and @, respectively.

However, in this case the weak commutativity condition
is violated, since

P 0 =2 2 0 0 )
m=\2 o0 0 0)/)
Hence the QCRB is unattainable, and the bound in Eq. (8)
derived directly from it is overly optimistic.
For separable photons (x =0), Arthurs and Kelly
obtained a tighter, achievable bound o50; >1 [53].

For perfectly entangled photons (x = 1), Zhuang et al.
[70] constructed a heuristic measurement that achieves
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o705 = 0. Yet for general xk with 0 < k < 1, tight trade-off
relations remain unknown.
Our trade-off relation closes this gap. For any k, we have
_1 _1 B 0 Vi
FoFmFg = <\/_1_K2 0
+iv'1 — k*. Applying the general bound in Eq. (3) yields

), whose eigenvalues are

Tr(Fg'Fe) <2—(1-x) =1+x, (10)
which can be restated as

(Fe)n

202 +62(1 =) (Fg)yy <1+ k.

Using  the  inequality — v1—-k>\/(F¢)(Fc)an<
[(F¢)y1/40%])+6>(1—k*)(F¢)y, and the fact that
(Fc)y1(F¢)an), we obtain the tight bound

\/1—K2_\/1—K
l+x Vi+k

This relation unifies the previous limiting cases: it recovers the
Arthurs-Kelly relation at x =0 and reaches the ideal
entangled limit (6705 = 0) atx = 1. The differences between
this relation and Eq. (8) derived directly from the QCRB can
be found in Fig. 3. We can also rigorously confirm now that the
heuristic continuous-spectrum measurement proposed by
Zhuang et al. [70,73] is optimal, as it saturates the refined
relation. While its optimality was previously known only in
the perfect-entanglement limit (xk — 1), our formalism
extends it to all k. More importantly, our general construction
procedure reveals that all essential information is encoded in a
finite-dimensional subspace. Consequently, optimal measure-
ments can be implemented as projective measurements with a
finite number of outcomes, as we explicitly construct in the
companion paper [65]. This provides flexibility for tailoring
implementations to specific physical platforms where con-
tinuous-spectrum detection may be challenging, and discrete,
projective measurements are preferred.

Summary—The incompatibility inherent in estimating
multiple parameters has posed a significant challenge to
determining the ultimate precision limits in multiparameter
quantum metrology. We have addressed this challenge by
deriving a tight analytical trade-off relation for the estima-
tion of multiple parameters in pure states and by providing
systematic constructions of infinitely many optimal mea-
surements that saturate this bound. Our results not only
establish a precise, attainable bound but also offer a clearer
geometrical picture of incompatibility-induced trade-offs,
thereby deepening the conceptual understanding of multi-
parameter quantum estimation. Our method shows signifi-
cant potential for evaluating the ultimate performance in
various applications, such as quantum radar, quantum
gyroscopes, and quantum imaging, where simultaneous
estimation is essential. By addressing the issue of

(11)

0:65 2>

measurement incompatibility, our Letter offers a valuable
approach for developing more precise and efficient quan-
tum measurement strategies.
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