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A fundamental challenge in multiparameter quantum estimation arises from the incompatibility of
optimal measurements for different parameters, leading to intricate precision trade-offs that obscure the
understanding of ultimate quantum limits. Here, we present an approach that precisely quantifies these
trade-offs for an arbitrary number of parameters encoded in pure quantum states. Our approach not only
derives tight analytical bounds for the trade-offs induced by measurement incompatibility but also provides
a systematic methodology to design optimal measurement strategies that saturate these limits. To
demonstrate the practical significance of our findings, we apply our framework to quantum radar and
obtain a refined Arthurs-Kelly relation that characterizes the ultimate performance for the simultaneous
estimation of range and velocity with any given amount of entanglement. This showcases the
transformative potential of our findings for a wide range of applications in quantum metrology, sensing,
and beyond.
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Quantum metrology exploits quantum mechanical phe-
nomena, such as superposition and entanglement, to
achieve precision surpassing the limits of classical tech-
niques. While the ultimate bounds for single-parameter
estimation are well established through the quantum
Cramér-Rao bound (QCRB) [1–6], the extension to multi-
parameter scenarios presents significantly greater theoreti-
cal and practical challenges [7–29]. The core difficulty
stems from the incompatibility between optimal measure-
ment strategies for different parameters—a uniquely quan-
tum phenomenon with no classical counterpart. This
incompatibility arises directly from the noncommutativity
of quantum observables, which prevents their simultaneous
perfect measurement and gives rise to inherent precision
trade-offs in multiparameter estimation. These trade-offs
create complex optimization landscapes where improving
precision in one parameter inevitably affects others. The
development of novel approaches to characterize and
quantify these trade-offs is one of the central focuses in
quantum metrology [30–51]. Prior studies identify the
Holevo bound and the Nagaoka–Hayashi bound as tight
benchmarks for pure-state models in the general case.
However, both typically require numerical evaluation

and do not provide an explicit analytical route to con-
structing the optimal measurement [1,14,36–39,44–49].
A key gap thus remains in multiparameter quantum
estimation: a generally tight analytical bound that captures
the trade-off, together with a constructive procedure for
designing the measurements saturating the bound.
In this Letter, we present a tight analytical trade-off

relation that defines the ultimate precision limits for
estimating an arbitrary number of parameters encoded in
pure quantum states, where measurement incompatibility
imposes fundamental constraints. Furthermore, we provide
systematic constructions of infinitely many optimal mea-
surements that saturate the trade-off relation. This abun-
dance of optimal measurements is particularly valuable for
practical implementations, as it enables the selection of
measurement schemes that are most robust against specific
noise profiles in a practical scenario. We demonstrate the
power of our approach by solving a fundamental problem
in quantum radar: determining the optimal precision for the
simultaneous estimation of range and velocity using
entangled light. We derive a refined Arthurs-Kelly uncer-
tainty relation for this scenario, providing a general solution
to this long-standing problem in quantum radar. Our
approach provides fundamental insights into the trade-offs
inherent in multiparameter estimation while simultaneously
offering optimal designs of measurement protocols that
approach the fundamental limits.
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To estimate a set of parameters, x ¼ ðx1;…; xnÞ,
encoded in a quantum state, ρx, we need to first perform
a positive operator-valued measurement (POVM), denoted
by fMm ≥ 0jPmMm ¼ Ig, on the state. The probability of
obtaining the measurement result m is given by
pðmjxÞ ¼ TrðMmρxÞ, and from the measurement out-
comes, estimators x̂ ¼ ðx̂1;…; x̂nÞ can be constructed.
For any locally unbiased estimators, the covariance matrix
is lower bounded as

Covðx̂Þ ≥ 1

ν
F−1
C ≥

1

ν
F−1
Q : ð1Þ

The first inequality is the Cramér-Rao bound (CRB)
[52], where FC is the classical Fisher information matrix
(CFIM) with the jkth entry given by ðFCÞjk ¼P

m½∂xjpðmjxÞ∂xkpðmjxÞ=pðmjxÞ�, and ν is the number of
repeated measurements. The Cramér-Rao bound can be
asymptotically saturated by maximum-likelihood estimators.
Regardless of the choice of the measurement, the CFIM is
upper bounded by the quantum Fisher information matrix
(QFIM) with FC ≤ FQ, leading to the second inequality in
Eq. (1), known as the quantum Cramér-Rao bound (QCRB)
[2]. Here ðFQÞjk ¼ 1

2
TrðρxfLj; LkgÞ, where Lq is the sym-

metric logarithmic derivative (SLD) for xq, satisfying
∂xqρx ¼ 1

2
ðρxLq þ LqρxÞ. In this Letter, we focus on the case

that all parameters are locally identifiable where FQ is
invertible.
The QFIM corresponds to the real part of the geometrical

tensor F, which is an n × nmatrix with the jkth entry given
by Fjk ¼ TrðρxLjLkÞ. The imaginary part of this tensor,
denoted as FIm with ðFImÞjk ¼ 1

2iTrðρx½Lj; Lk�Þ, is propor-
tional to the Berry curvature of the parametrized quantum
states, yielding the decomposition F ¼ FQ þ iFIm.
Importantly, FIm provides a quantitative signature of
measurement incompatibility in multiparameter estimation.
In single-parameter quantum estimation, FIm naturally
vanishes, and an optimal measurement strategy—such as
projective measurements on the eigenvectors of the SLD
operator—always exists to saturate the QCRB [3,4]. In
contrast, multiparameter estimation is significantly more
complex. A nonzero FIm indicates the incompatibility of
the optimal measurements for different parameters, render-
ing the QCRB generally unattainable. This leads to a
fundamental gap between the classical and quantum
Fisher information matrices, resulting in trade-offs in the
achievable precision for estimating different parameters
[51,53–64]. Quantifying such trade-offs constitutes a cen-
tral challenge in determining the fundamental precision
limits of multiparameter quantum metrology.
To quantify the precision trade-off under general POVMs

fMmg, we adopt the metric [30–34,44]

Γ ¼ max
fMmg

TrðF−1
Q FCÞ; ð2Þ

which is invariant under reparametrization. When there is
no incompatibility, i.e., there exists a POVM to make
FC ¼ FQ, we have Γ ¼ TrðInÞ ¼ n, where n is the number
of parameters. In the presence of incompatibility, FC < FQ,
we have Γ < n. The gap between Γ and n quantifies the
trade-off.
As one of the main results of this Letter, we provide a

tight analytical bound on Γ for the estimation of an arbitrary
number of parameters encoded in pure states (see Sec. III in
[65] for detailed derivation).
Theorem 1—For the simultaneous estimation of arbitrary

n parameters encoded in a pure state ρx ¼ jΨxihΨxj,
we have

Γ ≤ n −
1

2

Xn
q¼1

ð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jλqj2

q
Þ; ð3Þ

where fλ1;…; λng are eigenvalues of F
−1
2

Q FImF
−1
2

Q .
The gap between Γ and n, which is

1
2

P
n
q¼1ð1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jλqj2

q
Þ, quantifies the precision trade-

off imposed by measurement incompatibility. This bound
is tight for pure states and also valid for mixed states. For
mixed states, though it is generally not achievable, the
bound can be tighter than existing analytical bounds
[30–32].
The result includes several known results as special cases.

First, the gap vanishes if and only if FIm ¼ 0. This is exactly
the weak commutativity condition, Trðρx½Lj; Lk�Þ ¼ 0,
∀ j; k, which is necessary and sufficient for the saturation
of QCRB in the case of pure states [1,20,45]. Second, for the
estimation of 2d − 2 parameters encoded in a d-dimensional

pure state, all eigenvalues of F
−1
2

Q FImF
−1
2

Q satisfy jλqj ¼ 1,
∀ q ¼ 1;…; 2d − 2 (see Ref. [65] for derivation). In this
case the trade-off relation reduces to TrðF−1

Q FCÞ ≤ 2d−
2 − 1

2
ð2d − 2Þ ¼ d − 1, which recovers the Gill-Massar

bound [32]. For n < 2d − 2, the bound derived here is in
general tighter than the Gill-Massar bound [32]. The detailed
derivation of the bound and extensive comparisons with
existingboundscanbe found in the accompanyingpaper [65].
The trade-off emerges from the fundamental impossibil-

ity of simultaneously measuring the noncommuting SLDs,
fLjjj ¼ 1;…; ng, where Lj is associated with parameter xj
and represents the optimal observable for estimating that
parameter. Quantitatively, this limitation manifests as
residual errors when a single POVM is used to approx-
imately measure all the noncommuting Lj. The detailed
derivation of this link is presented in Ref. [65]. Below, we
outline the central concept.
A general POVM, fMmg, on a state jΨxi, can be

effectively implemented as a projective measurement,
fjmihmjg, on an augmented state jΨxijξi, where jξi is
an ancillary state. From the projective measurement, we can
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construct a set of commuting observables, fOj ¼P
m fjðmÞjmihmjjfjðmÞ∈Rg, to approximate fLj ⊗ Ig,

where I is the identity operator on the ancilla. The mean
squared error (MSE) of the approximation [53–64],

ϵ2j ¼ hξjhΨxjðOj − Lj ⊗ IÞ2jΨxijξi; ð4Þ

is closely related to the discrepancy between FC and FQ.
Specifically, by choosing the optimal fjðmÞ under the
measurement, we have

P
n
j¼1 ϵ

2
j ¼ TrðFQ − FCÞ [65].

Under the reparametrization x̃ ¼ F1=2
Q x, where the quantum

Fisher information matrix changes to F̃Q ¼ I and the
classical Fisher information matrix changes to

F̃C ¼ F
−1
2

Q FCF
−1
2

Q , this yields the relation

Xn
j¼1

ϵ̃2j ¼ TrðF̃Q − F̃CÞ ¼ n − TrðF−1
Q FCÞ; ð5Þ

which directly links the total approximation error to the gap
between n and TrðF−1

Q FCÞ. Identifying the optimal set of
commuting observables that approximate the SLDs with
minimal error corresponds exactly to the minimization of
the trade-off.
The total mean squared error can be expressed as a sum

of squared Euclidean distances between vectors

Xn
j¼1

ϵ2j ¼
Xn
j¼1

kjoji − jljik2; ð6Þ

where jlji¼Lj⊗ IjΨxijξi, joji¼OjjΨxijξi, and kjvik2 ¼
hvjvi. Since ½Oj;Ok� ¼ 0, we have hojjoki ¼ hokjoji,
i.e., hojjoki∈R, ∀ j; k. In particular, in the measure-
ment basis, the observables Oj ¼

P
m fjðmÞjmihmj with

fjðmÞ∈R are diagonal with real diagonal entries. By
appropriately choosing the global phases of the measure-
ment basis fjmig, the state jΨxijξi can also be repre-
sented as a real vector in this basis [66], i.e., jΨxijξi ¼P

m cmjmi with cm ∈R. Under this representation, we
have joji ¼

P
m fjðmÞjmihmjΨxijξi ¼

P
m fjðmÞcmjmi

with fjðmÞcm ∈R.
The vectors jlji, however, are generally complex. We

thus have kjoji − jljik ≥ k Im jljik, where the equality is
achieved when joji ¼ Rejlji, here Rejlji and Im jlji denote
the real and imaginary parts of jlji, respectively. Finding
the optimal measurement thus amounts to identifying a
basis fjmig that minimizes

P
n
j¼1 k Im jljik2. Since a

change of basis corresponds to applying a unitary rotation
to the vectors, the problem reduces to finding the optimal
unitary U that minimizes

P
n
j¼1 k ImðUjljiÞk2. Note that

unitary rotations do not change the inner product of vectors.
Thus if Imhljjlki ≠ 0, ImðUjljiÞ and ImðUjlkiÞ cannot be
simultaneously zero. This yields the geometric picture

shown in Fig. 1: measurement incompatibility arises from
the inability to rotate all vectors fjljig simultaneously into
the real subspace, and the optimal measurement that
minimizes the trade-off rotates them as closely as possible
to the real vectors.
We now present a systematic procedure for constructing

optimal measurements that saturate the bound in Eq. (3).
The optimal measurements are derived from jΨxijξi and
the optimal fjojig. The explicit analytical forms of optimal
fjojig that achieve the minimum of Eq. (6) can be found in
Sec. III of the companion paper [65]. The optimal projec-
tive measurement, fjmig, corresponds to a basis under
which jΨxijξi and the optimal fjojig are all real vectors.
Such a basis can be identified through the following two-
step procedure: (i) First, apply the Gram-Schmidt ortho-
normalization to the set fjΨxijξi; jo1i; jo2i;…; jonig to
obtain an orthonormal set fja0i; ja1i; ja2i;…; janig.
These vectors can be expanded into a complete basis
by adding additional orthonormal vectors fjajijj ¼
nþ 1;…; d − 1g, here d is the dimension of the Hilbert
space for the system + ancilla. (ii) Second, choose a real
orthonormal basis, fjb0i; jb1i;…; jbd−1ig, as the represen-
tation of fja0i; ja1i;…; jad−1ig in the measurement basis.
The change from the original basis to the measurement
basis is represented by the unitary that transforms fjajig
to fjbjig, which is given by U ¼ BA−1, where A ¼
ðja0i; ja1i;…; jad−1iÞ is a matrix whose columns are
fjajig, and B ¼ ðjb0i; jb1i;…; jbd−1iÞ is the real orthogo-
nal matrix whose columns are fjbjig. The optimal meas-
urement basis is then given by the rows of U.
The optimal measurement is not unique: different

choices of the matrix B lead to different optimal measure-
ments. The only constraint on B is that when the mth entry
of the first column of B (i.e., the mth entry of jb0i) is zero,
the mth entries of subsequent columns, jbji for

FIG. 1. Geometrical picture of the measurement incompatibil-
ity. In the measurement basis fjmig, fjojig are all real vectors
while the vectors fjljig are in general complex. The incompat-
ibility-induced trade-off is quantified by the Euclidean distancesP

j kjoji − jljik2. Optimizing the measurement corresponds to
applying a unitary rotation to minimize these distances. Note that
when Imhljjlki ≠ 0, no unitary rotation can make jlji and jlki real
vectors at the same time, reflecting the intrinsic incompatibility.
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j ¼ 1;…; n, should also be zero [67]. In particular, any B
with a first column devoid of zero entries is permissible.
Moreover, because the first column of B corresponds to

the vector ðh1jΨxijξi;…; hmjΨxijξi; � � �ÞT, by choosing B
properly we can control the measurement probabilities
fpm ¼ jhmjΨxijξij2g. This flexibility enables the engineer-
ing of probability distributions that are more robust to
practical noise, a feature of significant practical relevance
[68]. In the companion paper [65], we demonstrate this
feature on a cloud superconducting quantum computing
platform [69].
We next apply our results to quantum radar, focusing on

the simultaneous estimation of the range and velocity of a
moving object. While precision limits of quantum radar
have been explored in depth [70–78], they are primarily
established under extreme assumptions—either separable
photons or perfectly entangled biphotons [70,73]. Despite
considerable research efforts, two critical questions remain
unresolved: (1) the ultimate precision limit achievable with
a practical biphoton source that possesses only a finite
amount of entanglement and (2) the corresponding optimal
measurement strategies. This knowledge gap persists pri-
marily due to the theoretical challenges posed by meas-
urement incompatibility in such scenarios. Our method
provides the necessary tools to address these questions and
establish fundamental limits for quantum radar with prac-
tical biphoton sources.
Following the treatment of Ref. [73], we consider the

pulsed quantum radar where entangled biphotons are
employed to estimate the range and velocity of a target
simultaneously. The signal photon is transmitted toward the
target and coherently reflected, while the idler photon is
retained and later measured jointly with the returned signal.
To establish fundamental benchmarks, we focus on the
idealized scenario where the target acts as a perfect mirror
and background noise is negligible.
The range and velocity are encoded in the time of flight

and Doppler shift of the signal photon, respectively, as
illustrated in Fig. 2. For Gaussian pulses, the state of the
reflected signal and the idler is given by [65,73]
jΨi ¼ R

dt
R
dtiΨðt; tiÞjtijtii, where

Ψðt; tiÞ ¼ N expf−iω̄ðt − t̄Þ − iω̄i0ðti − t̄i0Þ − ðt − t̄Þ2σ2
− ðti − t̄i0Þ2σ2i0 þ 2κðt − t̄Þðti − t̄i0Þσσi0g: ð7Þ

Here σ ¼ c−v
cþv σ0; t̄ ¼ t̄0 þ 2x

c−v ; ω̄ ¼ c−v
cþv ω̄0, and the nor-

malization factor N ¼
ffiffiffiffiffiffiffiffi
2σσi0
π

q
ð1 − κ2Þ1=4, t̄0ðt̄i0Þ, ω̄0ðω̄i0Þ,

σ0ðσi0Þ denote the central time, central frequency, and
bandwidth of the sent (idler) photon. The coefficient
κ∈ ½0; 1Þ is the correlation between the signal and the idler
photon, which quantifies the entanglement between two
photons. κ ¼ 0 corresponds to two separable photons,
while the limit κ ¼ 1 corresponds to perfect entanglement,
which is not realizable in practice. The range x and velocity
v can be obtained from the central time t̄ and the frequency
ω̄ of the returned signal photon. The quantum Fisher

information matrix for t̄ and ω̄ is FQ ¼
�

4σ2

0
0
1

σ2ð1−κ2Þ

�
. A

trade-off relation for the simultaneous estimation of t̄ and ω̄
has previously been derived directly from QCRB [73]:

σ t̄σω̄ ≥
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p

2
; ð8Þ

where σ t̄ and σω̄ denote the standard deviations for the
estimation of t̄ and ω̄, respectively.
However, in this case the weak commutativity condition

is violated, since

FIm ¼
�
0 −2
2 0

�
≠
�
0 0

0 0

�
: ð9Þ

Hence the QCRB is unattainable, and the bound in Eq. (8)
derived directly from it is overly optimistic.
For separable photons (κ ¼ 0), Arthurs and Kelly

obtained a tighter, achievable bound σ t̄σω̄ ≥ 1 [53].
For perfectly entangled photons (κ ¼ 1), Zhuang et al.
[70] constructed a heuristic measurement that achieves

FIG. 2. Radar sensing of target’s range and velocity using
entangled biphoton state.

FIG. 3. Uncertainty relations in quantum radar using biphoton
states with different amounts of entanglement (κ). Here the
dashed lines denote the uncertainty relations obtained from
QCRB and the solid lines denote the refined Arthurs-Kelly
uncertainty relations, which are achievable for the simultaneous
estimation of range and velocity. The shaded areas illustrate the
gap between the QCRB and the tight bound.
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σ t̄σω̄ ¼ 0. Yet for general κ with 0 < κ < 1, tight trade-off
relations remain unknown.
Our trade-off relation closes this gap. For any κ, we have

F
−1
2

Q FImF
−1
2

Q ¼
�

0ffiffiffiffiffiffiffi
1−κ2

p −
ffiffiffiffiffiffiffi
1−κ2

p
0

�
, whose eigenvalues are

�i
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
. Applying the general bound in Eq. (3) yields

TrðF−1
Q FCÞ ≤ 2 − ð1 − κÞ ¼ 1þ κ; ð10Þ

which can be restated as

ðFCÞ11
4σ2

þ σ2ð1 − κ2ÞðFCÞ22 ≤ 1þ κ:

Using the inequality
ffiffiffiffiffiffiffiffiffiffiffi
1−κ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðFCÞ11ðFCÞ22
p

≤
½ðFCÞ11=4σ2�þσ2ð1−κ2ÞðFCÞ22 and the fact that
σ t̄σω̄ ≥ ½1= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðFCÞ11ðFCÞ22

p �, we obtain the tight bound

σ t̄σω̄ ≥
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p

1þ κ
¼

ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

p
ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

p : ð11Þ

This relationunifies the previous limiting cases: it recovers the
Arthurs-Kelly relation at κ ¼ 0 and reaches the ideal
entangled limit (σ t̄σω̄ ¼ 0) at κ ¼ 1. The differences between
this relation and Eq. (8) derived directly from the QCRB can
be found inFig.3.Wecanalso rigorously confirmnowthat the
heuristic continuous-spectrum measurement proposed by
Zhuang et al. [70,73] is optimal, as it saturates the refined
relation. While its optimality was previously known only in
the perfect-entanglement limit ðκ → 1Þ, our formalism
extends it to all κ. More importantly, our general construction
procedure reveals that all essential information is encoded in a
finite-dimensional subspace.Consequently, optimalmeasure-
ments can be implemented as projectivemeasurementswith a
finite number of outcomes, as we explicitly construct in the
companion paper [65]. This provides flexibility for tailoring
implementations to specific physical platforms where con-
tinuous-spectrum detectionmay be challenging, and discrete,
projective measurements are preferred.
Summary—The incompatibility inherent in estimating

multiple parameters has posed a significant challenge to
determining the ultimate precision limits in multiparameter
quantum metrology. We have addressed this challenge by
deriving a tight analytical trade-off relation for the estima-
tion of multiple parameters in pure states and by providing
systematic constructions of infinitely many optimal mea-
surements that saturate this bound. Our results not only
establish a precise, attainable bound but also offer a clearer
geometrical picture of incompatibility-induced trade-offs,
thereby deepening the conceptual understanding of multi-
parameter quantum estimation. Our method shows signifi-
cant potential for evaluating the ultimate performance in
various applications, such as quantum radar, quantum
gyroscopes, and quantum imaging, where simultaneous
estimation is essential. By addressing the issue of

measurement incompatibility, our Letter offers a valuable
approach for developing more precise and efficient quan-
tum measurement strategies.

Acknowledgments—This work is supported by the
Quantum Science and Technology-National Science and
Technology Major Project (2023ZD0300600), the Research
Grants Council of Hong Kong (14309223, 14309624,
14309022), Guangdong Provincial Quantum Science
Strategic Initiative (GDZX2303007, GDZX2505003),
1þ 1þ 1 CUHK-CUHK(SZ)-GDST Joint Collaboration
Fund (Grant No. GRDP2025-022). H. C. acknowledges
the support from the National Natural Science Foundation of
China (Grants No. 12505024, 92476201), Department of
Science and Technology of Guangdong Province (Grant
No. 2024QN11X234), Guangdong Basic and Applied Basic
Research Foundation (Grant No. 2025A1515011441),
Shenzhen Science and Technology Innovation
Commission (Grants No. ZDYJ20251211120900001 and
No. JCYJ20240813141350066).

Data availability—This is a theoretical work and no data
were created or analyzed in this study. All figures can be
reproduced directly from the presented equations.

[1] A. S. Holevo, Probabilistic and Statistical Aspects of
Quantum Theory (North-Holland, Amsterdam, 1982).

[2] C. W. Helstrom, Quantum Detection and Estimation Theory
(Academic Press, New York, 1976).

[3] S. L. Braunstein and C. M. Caves, Statistical distance and
the geometry of quantum states, Phys. Rev. Lett. 72, 3439
(1994).

[4] S. L. Braunstein, C. M. Caves, and G. J. Milburn, General-
ized uncertainty relations: Theory, examples, and Lorentz
invariance, Ann. Phys. (N.Y.) 247, 135 (1996).

[5] Q. Liu, Z. Hu, H. Yuan, and Y. Yang, Optimal strategies of
quantum metrology with a strict hierarchy, Phys. Rev. Lett.
130, 070803 (2023).

[6] S. Kurdziałek, W. Górecki, F. Albarelli, and R. Demkowicz-
Dobrzański, Using adaptiveness and causal superpositions
against noise in quantum metrology, Phys. Rev. Lett. 131,
090801 (2023).

[7] M. Szczykulska, T. Baumgratz, and A. Datta, Multi-param-
eter quantum metrology, Adv. Phys. X 1, 621 (2016).

[8] R. Demkowicz-Dobrzański, W. Górecki, and M. Guţá,
Multi-parameter estimation beyond quantum Fisher infor-
mation, J. Phys. A 53, 363001 (2020).

[9] F. Albarelli, M. Barbieri, M. G. Genoni, and I. Gianani, A
perspective on multiparameter quantum metrology: From
theoretical tools to applications in quantum imaging, Phys.
Lett. A 384, 126311 (2020).

[10] M. D. Vidrighin, G. Donati, M. G. Genoni, X.-M. Jin, W. S.
Kolthammer, M. S. Kim, A. Datta, M. Barbieri, and I. A.
Walmsley, Joint estimation of phase and phase diffusion for
quantum metrology, Nat. Commun. 5, 3532 (2014).

[11] P. J. D. Crowley, A. Datta, M. Barbieri, and I. A. Walmsley,
Tradeoff in simultaneous quantum-limited phase and loss

PHYSICAL REVIEW LETTERS 137, 020804 (2026)

020804-5

https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1006/aphy.1996.0040
https://doi.org/10.1103/PhysRevLett.130.070803
https://doi.org/10.1103/PhysRevLett.130.070803
https://doi.org/10.1103/PhysRevLett.131.090801
https://doi.org/10.1103/PhysRevLett.131.090801
https://doi.org/10.1080/23746149.2016.1230476
https://doi.org/10.1088/1751-8121/ab8ef3
https://doi.org/10.1016/j.physleta.2020.126311
https://doi.org/10.1016/j.physleta.2020.126311
https://doi.org/10.1038/ncomms4532


estimation in interferometry, Phys. Rev. A 89, 023845
(2014).

[12] J.-D. Yue, Y.-R. Zhang, and H. Fan, Quantum-enhanced
metrology for multiple phase estimation with noise, Sci.
Rep. 4, 5933 (2014).

[13] Y. R. Zhang and H. Fan, Quantum metrological bounds for
vector parameters, Phys. Rev. A 90, 043818 (2014).

[14] J. Suzuki, Explicit formula for the Holevo bound for two-
parameter qubit-state estimation problem, J. Math. Phys.
(N.Y.) 57, 042201 (2016).

[15] J. Liu, H. Yuan, X.-M. Lu, and X. Wang, Quantum Fisher
information matrix and multiparameter estimation, J. Phys.
A 53, 023001 (2020).

[16] H. Chen and H. Yuan, Optimal joint estimation of multiple
Rabi frequencies, Phys. Rev. A 99, 032122 (2019).

[17] Z. Hou, Z. Zhang, G.-Y. Xiang, C.-F. Li, G.-C. Guo, H.
Chen, L. Liu, and H. Yuan, Minimal tradeoff and ultimate
precision limit of multiparameter quantum magnetometry
under the parallel scheme, Phys. Rev. Lett. 125, 020501
(2020).

[18] Z. Hou, Y. Jin, H. Chen, J. F. Tang, C. J. Huang, H. Yuan,
G.-Y. Xiang, C.-F. Li, and G.-C. Guo, “Super-Heisenberg”
and Heisenberg scalings achieved simultaneously in the
estimation of a rotating field, Phys. Rev. Lett. 126, 070503
(2021).

[19] Y. Chen and H. Yuan, Maximal quantum Fisher information
matrix, New J. Phys. 19, 063023 (2017).
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