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The incompatibility of the measurements constrains the achievable precisions in multiparameter quantum
estimation. Understanding the tradeoff induced by such incompatibility is a central topic in quantum metrology.
Here we provide an approach to study the incompatibility under general p-local measurements, which are the
measurements that can be performed collectively on at most p copies of quantum states. We demonstrate the
power of the approach by presenting a hierarchy of analytical bounds on the tradeoff among the precisions of
different parameters. These bounds lead to a necessary condition for the saturation of the quantum Cramér-Rao
bound under p-local measurements, which recovers the partial commutative condition at p = 1 and the weak
commutative condition at p = oco. As a further demonstration of the power of the framework, we present another
set of tradeoff relations with the right logarithmic operators.
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I. INTRODUCTION

By utilizing quantum mechanical effects, such as super-
position and entanglement, quantum metrology can achieve
better precision limit than classical metrology. There is now
a good understanding on the local precision limit for single-
parameter quantum estimation, where the precision limit can
be quantified by the single-parameter quantum Cramér-Rao
bound [1-14]. Practical applications, however, typically in-
volve multiple parameters, for which the precision limits are
much less understood [15-42]. Due to the incompatibility
of the optimal measurements for different parameters, the
multiparameter quantum Cramér-Rao bound is in general not
achievable. Tradeoffs among the precisions of different pa-
rameters have to be made. Quantifying such tradeoff is now
one of the main subjects in quantum metrology [28-50].

The incompatibility of the measurements is rooted in the
prohibition of simultaneous measurement of noncommutative
observables, which is one of the defining features of quantum
mechanics. Previous studies on the incompatibility mostly
focus on the extreme cases: either the measurement is sepa-
rable or can be performed collectively on infinite copies of
quantum states. When the measurements can be performed
on infinite number of identical copies of quantum states, the
Holevo bound quantifies the achievable precision [2,46—48].
Except for few special cases [49,50], the Holevo bound in
general can only be evaluated numerically [27]. In practice the
measurements typically can only be performed collectively on
a finite number of quantum states, under which the Holevo
bound is also not achievable in general. In the case of two
parameters, Nagaoka provided a bound under the separable
measurements which is tighter than the Holevo bound [51,52].
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Conlon et al. recently generalized the Nagaoka bound to more
than two parameters, which in general requires numerical
optimization [53]. Gill-Massar bound provided an analytical
measure on the tradeoff induced by the incompatibility of the
separable measurements [28]. For collective measurements
on at most two copies of quantum states, Zhu and Hayashi
have obtained a tradeoff relation for completely unknown
states [25]. However, the incompatibilities under general p-
local measurements, which are the measurements that can be
performed collectively on at most p copies of quantum states,
are little understood.

Here we provide a framework to study the precision under
general p-local measurements. This approach leads to multi-
parameter precision bounds which include the Holevo bound
and the Nagaoka bound as special cases. We also provide
a systematic way to generate hierarchical analytical tradeoff
relations under general p-local measurements. The obtained
tradeoff relations provide a necessary condition for the sat-
uration of the multiparameter quantum Cramér-Rao bound
under p-local measurements, which recovers the partial com-
mutative condition [23] at p = 1 and the weak commutative
condition at p = oo. Our study thus not only provides a frame-
work that can generate analytical bounds on the tradeoff under
general p-local measurements, but also provides a coherent
picture for the existing results on the extreme cases.

The article is organized as following: in Sec. II we intro-
duce the notations and list the main results; in Sec. III we
present analytical tradeoff relations for pure states; in Sec. [V
we provide multiparameter precision bounds for mixed states
and use it to derive analytical tradeoff relations for mixed
states. The tradeoff relations lead to a necessary condition for
the saturation of the quantum Cramér-Rao bound (QCRB) and
we show how it reduces to the partial commutative condition
at p =1 and the weak commutative condition at p — 00;
in Sec. V we demonstrate the versatility of the approach by
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presenting another set of tradeoff relations in terms of the
right logarithmic derivative; in Sec. VI some examples are
presented and Sec. VII concludes. This paper is an extended
version of the companion paper [54] which focuses on the
information geometry under hierarchical quantum measure-
ments.

II. PRECISION LIMIT IN QUANTUM METROLOGY

We first introduce the notations and terminologies that are
used in this article and list the main results.

For the single-parameter quantum estimation, given a
parametrized state p,, with x as the parameter to be
estimated, by performing a positive-operator-valued measure-
ment (POVM), denoted as {M,}, on the state, we can get the
measurement result o with a probability p(a|x) = Tr(p.My).
The variance of any locally unbiased estimator X is then lower
bounded by the Cramér-Rao bound [55,56] as 832 > % here

=
8%%2 = E[% — x]? is the variance of the unbiased estimator,
Fe=/, p(;‘x)(%)zda is the Fisher information [56], v is
the number of repetitions of the procedure, which is assumed
to be asymptotically large. By optimizing the POVM, we get

the quantum Cramér-Rao bound (QCRB) [1,2]

2> > L
- VFC - VFQ
where Fy is the quantum Fisher information (QFI), which is
the maximization of the Fisher information over all POVM
[1,2]. The QFI can be computed directly from the quantum
state as Fp = Tr(p,L?), here L is the symmetric logarithmic
operator (SLD) which is implicitly defined via the equa-
tion % = %(pr + pL). For single-parameter estimation,
the QCRB can always be saturated with the POVM performed
separately on each copy of the state. One POVM that saturates
the single-parameter QCRB is the projective measurement on
the eigenvectors of the SLD.

For multiparameter quantum estimation, where x =
(x1, ..., x,) with n > 2, the quantum Fisher information be-
comes the quantum Fisher information matrix with the jkth
entry given by

; (D

5 2

where L, is the SLD corresponding to the parameter x,,, which
satisfies 0y, px = 3 (0sLg + Lgpx), ¥ q € {1, ..., n}. The mul-
tiparameter quantum Cramér-Rao bound is given by

L;L, + L L;
(Fo)jk = Tf<pxu>,

1
Cov(®) > —F, ", 3)
V

where Cov(X) is the covariance matrix for locally unbiased
estimators, ¥ = (X1, ..., %,), with the jkth entry given by
Cov(®)jx = E[(X; — x;)(Xx — x)], v is the number of copies
of quantum states. In this article, we assume Fy is nonsingu-
lar so FQ’1 exists, in which case Cov(x) > %FQ’I > 0 is also
nonsingular.

Different from the single-parameter quantum estimation,
the multiparameter quantum Cramér-Rao bound is in general
not saturable. This is due to the incompatibility of the optimal
measurements for different parameters. Such incompatibility
is rooted in the prohibition of simultaneous measurement of

noncommutative observables and its manifested effect in mul-
tiparameter estimation is the tradeoff on the precision limits
for the estimation of different parameters.

We can quantify the incompatibility through either
%Tr[Félcov_l (£)]1 [29] or v Tr[FpCov(%)] [20,29,30], which
measures how close Cov(x) is to %FQ_ ! These two quantities
are roughly reciprocal to each another. Compared to the other
quantities, such as ||v Cov(%) — F, || or |1Cov™' (&) — Fp,
%Tr[FQ’ 'Cov™"(#)] and v Tr[FpCov(#)] both have the advan-
tage of being invariant under reparametrization. In this article
we will use I' = %Tr[FQ_ ICOV’I()?)] as the measure. When
the QCRB is saturable, Cov(x) = %FQ’l, I' = Tr(l,) = n, here
I, denotes the n x n identity matrix. This is the maximal
value I' can achieve. When the QCRB is not saturable we
have I' < n. The gap between n and I' quantifies the in-
compatibility. We will denote the measure under the p-local
measurement as ', = %Tr[FQ_ ICov™!(#)] with Cov(%) as the
covariance matrix achieved under the optimal p-local mea-
surement. The gap between n and I', decreases with p since
the measurements become less restrictive when p increases,
we thus have I') < I', < - -+ < I'w. For pure states, however,
we have '} = I', = -+ = ' since for pure states the opti-
mal measurement can be taken as the 1-local measurement
[15].

The existing results on the incompatibility are mostly
on the extreme cases with either p = oo or p =1, 2. For
p = oo, the precision limit can be characterized by the
Holevo bound [2], which is given by v Tr[W Cov(x)] >
mingy,) {Tr[W ReZ(X)] + |[vVW ImZ(X)v'W |}, where W >
0 is a weighted matrix, Z(X) is a matrix with its jkth entry
given by Z(X)rx = Tr(p.X;Xr), where {Xi, ..., X,} is a set
of Hermitian operators that satisfy the local unbiased condi-
tion Tr(p,X;) = 0 for any j € {1, ..., n} and Tr(d, p.X;) =
8] with 8] as the Kronecker delta, §] =1 when k = j and
8,{ =0 when k # j, ReZ(x) = Z("HTZI(X) is the real part of

Z(x), ImZ(x) = %{ZT(") is the imaginary part. The Holevo
bound can only be evaluated numerically in general [27]. For
pure states, the Holevo bound can be saturated by I-local
measurements [15]. For mixed states, the saturation of the
Holevo bound in general requires collective measurements on
infinite copies of the state.

A necessary and sufficient condition for the Holevo bound
to coincide with the QCRB is Tr(p.[L;, Lx]) = 0 for any
J,k € {1, ..., n}. This is called the weak commutative condi-
tion [15]. When the weak commutative condition holds, there
exist collective measurements on infinite copies of quantum
states under which the QCRB is saturated and I'o, = n.

As the Holevo bound corresponds to the minimal value
upon all choice of {X;}, by making a particular choice of {X;}
as X; = Y (Fy ")jelx and W = Fp, we have [30]

_1 _1

VTr{FpCov(®)] < n+ || FyFinF, ”1 < 2n, 4)

where Fi, is a matrix with the jkth entry given by (Fip)jx =

LTr(p.[L;, L¢]). The last inequality is obtained from the
_1 _1

fact that Fp + iFi, > 0, which leads to ||FQ zFlmFQ 2 <

_1 _1
Tr(F, *FoFy *) =n.  Through  the  Cauchy-Schwarz
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inequality,

Tr[FoCov(®)]Tr[F, 'Cov™" (£)]

> |Te[F Covi B)Cov T (0)F, 2] =n2,  (5)

this leads to a lower bound on 'y, as [20]

n?

Fy'Cov™'(®)] > - (6
nt || Fo Fmf *

1
[ = ;Tr[

‘We note that the lower bound on I', is not sufficient to decide
the incompatibility of the measurements at p = 0o as it can
not tell whether I'y, can reach »n and furthermore how close
I'w is to n. The upper bound is more informative in this sense.
As if there exists an upper bound which is less than n, we
can tell for sure that the measurements are incompatible, and
furthermore the gap between n and the upper bound provides a
measure on the incompatibility To our knowledge, except the
trivial bound 'y, < 7, there were no analytical upper bounds
on 'y,

For the other extreme case with p = 1, Nagaoka provided
a bound on the precision limit in the case of two parameters
(n=2)[51,52], as

v Tr[Cov(X)] > mm Tr(,ox

£) + Tr(p.X;)

+||\/E X1, Xo1/pxllt, )

where {X;,X,} are two Hermitian operators satisfying the
locally unbiased condition. The Nagaoka bound in general can
only be evaluated numerically and is tighter than the Holevo
bound. Recently, the Nagaoka bound has been generalized to
n parameters which also requires numerical evaluation [53].

Gill and Massar provided an analytical upper bound on I'
as [28]

r<d-1, (8)

where d is the dimension of the Hilbert space for a single
px- The Gill-Massar bound is nontrivial only whenn > d — 1.
Recent studies have also obtained some tradeoff relations with
the Ozawa’s uncertainty relation for pairs of parameters [31].

A necessary condition for the saturation of the QCRB un-
der 1-local measurements is the partial commutative condition
[23], which requires all SLDs commute on the support of p,.
Specifically if we write p, in the eigenvalue decomposition
as px = 1 MW (| with A; > 0, the partial commutative
condition is (W,|[L;, L]|¥s) =0 for any j, ke {l,...,n},
and any r, s € {1, ..., m}. The connection between the partial
commutative condition and the weak commutative condition
remained open [23].

For p = 2, Zhu and Hayashi provided an upper bound on
I' as

3
S 5=, 9

which is nontrivial only when n > %(d —1).

For general p, the incompatibility is little understood. In
this article, we provide a framework to study the incompat-
ibility under general p-local measurements. This framework
provides precision bounds that include the Holevo bound and
the Nagaoka bound as special cases, and leads to nontrivial

analytical upper bounds for general I',. A necessary condition
for the saturation of the QCRB can also be obtained, which
recovers the partial commutative condition at p = 1 and the
weak commutative condition at p — oo. The multiparameter
precision bounds are presented in Sec. IV A. Here we first list
the analytical upper bounds and the necessary condition for
the saturation of QCRB under general p-local measurements.
(1) For pure states, we have

2

1 -1
;Tr[ Cov™'®)] < n—fm)|F, FImF |F,

(10)

where || ...||r is the Frobenius norm and » is the number
of parameters, f(n) = max{4(n 5 (;’ 12)2, 5} which can be
equivalently written as

1

=D when n= 2,
f) =15 when n=3or4,
1 when n>5.

5

We note the bounds for pure states do not depend on p since
forpurestates '} =T, =--- =T
(2) For mixed states under p-local measurements, we have

1 1
F 2Fim,F, 7 |2
I, <n— f(n) 2o Tmrfo (11)

’

F

where f(n) = max{—— 4(n L (: 12)2, 5} Flm,, is the imaginary

part of F= > g Fuq with each F, «, €qual to either F,, or FMC,
where F,, is a n x n matrix with the jkth entry given by

(Fu,) o = {ugly o2 LipLipy/) 0" lutg) (12)

Lj, is the SLD of p2P corresponding to the parameter

x;, and {|u,)} are any set of vectors in Hf” that satisfies

> o |tg) (ugl = Iy with Ip» denote the d” x d” identity matrix.
(3) For mixed states under p-local measurements, we ob-

tain another bound as

2

1 (&
r,<n——||-2% (13)
4n—1)
where
1 ..
Cpjx = 5[V o ILjp, Liy] (14)
L;, is the SLD of p{” under the reparametrization such that

the quantum Fisher information matrix (QFIM) of p, equals to
- _1

the identity, specifically L, = > (F,, *)jqLqp With Ly, as the

SLD of p& corresponding to the original parameter x,. We

l
Fm)
note that ||%||F > | fo lp’ ||F, this bound is thus tighter

than the bound in Eq. (11) when f(n) =
1

can be less tighter when f(n) = (n 1)2 or =

(4) From the above bound, we obtain a necessary condi-
tion for the saturation of the QCRB under p-local measure-

ments, which is % = 0. For p = 1, this reduces to the partial
commutative condition. For p — 00, we prove that

lim Gl
p—> 00 p

4(n L however, it

1 - -
= 5 Tr(pclL;, Lel)l. 15)

062442-3



HONGZHEN CHEN, YU CHEN, AND HAIDONG YUAN

PHYSICAL REVIEW A 105, 062442 (2022)

The condition % = 0 thus reduces to the weak commutative

condition Tr(py[L;, Lc]) = 0,V j, k, at p — oo. This clarifies
the relation between the partial commutative condition and the
weak commutative condition, which solves an open question
[23].

(5) We provide another simpler bound for mixed states
which can be calculated with operators only on a single p,.

Given py = Y 0L AglW,) (¥l with A, > 0 in the eigen-
value decomposition, under p-local measurements we have

(16)

r,<n-—

where T), is a n x n matrix with the jkth entry given by

Tjx = 5 < ) a7)

where E(-) denotes the expected value, each |V, ) is ran-
domly and independently chosen from the eigenvectors of
px With a probability equal to the corresponding eigenvalue,
i.e., each |V, ) takes |¥,) with probability A,, g € {1, ..., m}.

L= ,F

p
> (W Ly, LWy, )
r=1

_1 . _1
0 Viglqand L = Zq(FQ 2 )kqLq- For large p, this

bound is almost as tight as the bound with C” , the difference

between and & is at most of the order o( f) with
T,); C,); T,); 1
( p)jk < ( p)jk < ( p)]k +0<_> (18)
p p p NIz
Asymptotically they converge to the same value,
T,); C,)i 1 O
lim ﬂ = lim M = —|Tr(px[Lj, LD (19)
p—> o0 p p—>0o0 2

(6) To demonstrate the versatility of the framework, we
provide another set of bounds with the right logarithm deriva-
tive (RLD) operators.

CRLD 2

T, < Tr[Fy ' FeP] - (20)

il

where F}%{eLD is the real part of the RLD quantum Fisher
information matrix with the jkth entry given by (FRMP); =
Tr(prfL,fT), where Lf is the RLD operator corresponding to
the parameter x;, which can be obtained from 9, o, = prf,
(CRLD) o= min{} v/ ps " (LR L R*—Lf,,Lf,;Np?Pn 1,2p} with
1
L =3 (Fy )Lk, and L,fp =, (F, )qujjp with LY as
the RLD operator of s corresponding to the parameter x,.
These bounds are in general not saturable, however, they
are nontrivial regardless of the number of the parameters and
the dimension of the quantum states. The upper bounds can
also be directly transformed to the lower bounds for various
other measures via the Cauchy-Schwarz inequality. For ex-
ample, from the upper bound

1 2

_ S
4n—1)

L Fs Cov i 21
UTr[FQ Cov'(®)] < (21)

we can obtain a lower bound for v Tr[FpCov(%)] via the
Cauchy-Schwarz inequality as

n?

LTr[Fy ' Cov ' (1)]

v Tr[FpCov(X)] >

2

n
n= 6= 1)” ||F
n+;‘§2 (22)
~ dn—-1| p |

which provides a lower bound on v Tr[FpCov(%)] under
p-local measurements. v Tr[FpCov(%)] achieves the mini-
mal value n when the QCRB is saturable and the gap
between v Tr[FpCov(X)] and n provides a measure on the
incompatibility. We note that the transformation from the
upper bound to the lower bound via the Cauchy-Schwarz
inequality does not work the other way, i.e., the lower
bound on v Tr[FpCov(X)] can not be directly transformed
to the upper bound on 1Tr[ ~1Cov™!(%)] via the Cauchy-
Schwarz inequality. This is one advantage of choosing
%Tr[FQ_ 'Cov=!(®)] over v Tr[FpCov(%)] as the measure of the
incompatibility.

Similarly, we can obtain lower bounds on the weighted
covariance matrix v Tr[W Cov(x)], via the Cauchy-Schwarz

inequality as
_% _% 2
(Try/F, *WE, )

v Tr[W Cov(X)] > . 23
[ @] LTr[F; ' Cov™' (1)] *)
For example, from the upper bound
1
—Tr[ J'Cov(®)] < . (24
we can obtain a lower bound
_1 )
T\ F, *WF,*
v Tr[W Cov(x)] > ( ) (25)

)
[

4(/1 1) |

which constrains the precision that can be achieved under p-
local measurements.

Aside from these analytical bounds, multiparameter pre-
cision bounds for mixed states, which require numerical
optimization, are presented in Sec. IV A.

III. ANALYTICAL BOUNDS FOR PURE STATES

We start the derivation of the bounds for pure states, then
generalize it to mixed states in the next section. Given a
probe state |\WV,) with x = (x1, x2,...,x,), and g operators
{Y1,Y2,...,Y,}, we have

S=W,) ... Y, e) M) ... Yv)
>0, (26)

where S is a g X g matrix with its jkth entry given by
(S)jp = (WelY[ Y Wy) = Tr(p,Y Vi) with p, = W) (s We
note that S > 0 also forms the basis for the generalized
Robertson uncertainty relation [57,58].
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We first consider a single copy of the state, for v copies of
the states, we can just replace |W(x)) with |W(x))®". Given
a measurement {M,} with Za M, = I, we can construct n
observables as

Xj = [%j(a) = x;1Ma, 27)

where £; is the estimator for x;. For locally unbiased estima-
tor, we have

Tr(pX;)) =0, j=1,....n (28)
and
Tr(d,, :Xi) = 8. (29)

Let L; be the SLD for x; with j € {1,...,n}, then by
replacing the set of {Y;} in Eq. (26) with the 2n operators,
{Xi,...,X,, Ly, ..., L,}, we have

A B
S = (B.,. F) >0, (30)

where A, B, F are n X n matrices with the entries given by
(A)j = Tr(peXiX)),
B)j = Tr(p:XiL)), 31)
(F)j = Tr(oeLiL;).

We can write these matrices in terms of the real and imag-
inary parts as A = Age + iAim, B = Bre + iBmm, F = Fp +
iFi, where

(Are)tj = 5 Tr(ox (X, X;1),
(Bre)kj = 3 Tr(ox(Xi, L)), (32)
(Fo)ij = 3Tr(pd Ly, Lj}),

where {X, Y} = XY + Y X is the anticommutator, and

1
(Am)ij = z_iTr(px[Xkan])»
1
(Bun)kj = z—l.Tr(/Ox[Xk, LD, (33)

1
(Fim)kj = 2—Z.Tr(px[Lk, L;D,

where [X, Y] = XY — Y X is the commutator. It is easy to see
that Fy is exactly the quantum Fisher information matrix, and
the local unbiased condition in Eq. (29) can be equivalently
written as

Tr(p HLj, Xi)) = 8, (34)

which means Bg. = I. A is the same as Z(X) in the Holevo
bound; however, we use a different notation here as in the case
of mixed states it can be different from Z(X).

As Cov(x) > A [2,18,59], we have

Cov(x) B\ (Cov(x)—A O A B
(57 2= ) F)=e
(35)
Using the Schur’s complement [60] we have

F —B'Cov™'(2)B > 0, (36)

this can be equivalently written as

Fp — Cov™ (%) — Bl Cov™' (%)Bim
+i[Bm + Bf,Cov™'(#) — Cov™ ' (£)Bm] > 0. (37)

Since for a positive-semidefinite matrix M > 0, the real part
is also positive semidefinite, i.e., Mre = M +2M L > 0. We thus
have Fp — Cov (%) — BITmCOV_l(fc)BIm > 0, which can be
equivalently written as

Fp — Cov™ ' (%) > B} Cov™'(%)Bn. (38)

Note that BITmCOV’1 (X)Bim = 0, thus the real part of Eq. (37)
already gives a tighter bound than the QCRB.
1

By multiplying F,, > from both the left and the right of
Eq. (37), we get

[—Cov ' (%) — B Cov ' ()Bim
+ilFim + BL Cov ™' (8) — Cov™ ' (9)Bim] >0, (39)

I—

1 1 1
here Cf)lv_l(fc) =Fy "Cov'(W)F, . Bun = FyBuF,
Fm = FQ_ EFImFQ_ 2. This is equivalent to the reparametriza-
tion which changes the QFIM to the identity, and Cov(%)
can be regarded as the covariance matrix under the
reparametrization. Various tradeoff relations can be obtained
from Eq. (39). In the Appendix A, we show that Eq. (39)
implies

1= [Cov @) + 1 = [Cov Ml = L)l (40)

This describes a tradeoff between [CE)v_l(fc)]jj and

[Csz)vfl(fc)]kk as they can not reach 1 simultaneously when
(Fim) Jjk 7é 0.

By summing Eq. (40) over all different choices of j, k, we
can obtain

Tr[F, ' Cov™! ()] = Tr[Cov™ ' (%)]

1 1 L.
"= g e ko i @D

where || - |F = /37, 1(-)jx|? is the Frobenius norm.

When there are v copies of the state, we can replace |W(x))
with |W(x))®¥ and repeat the procedure to get the tradeoff
relation as

Tr[F,, ' Cov™' (1)]
)
F’

1 _1
<1 G e FneF,

sz

(42)

where F, = Fp, + iFin, is the corresponding operator associ-
ated with |W(x))®". It is easy to verify that Fp, = vFp, which
is the QFIM for |¥(x))®", and Fiyy = vFim. Thus, when there
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HONGZHEN CHEN, YU CHEN, AND HAIDONG YUAN

PHYSICAL REVIEW A 105, 062442 (2022)

are v copies of the state, the tradeoff relation is given by

1 —1 —1/a
;Tr[FQ Cov (x)]
2

F, FIm |F,

prem— —|F, (43)
This tradeoff relation holds for arbitrary measurements on v
copies of the states.

The tradeoff relation for v copies of the pure state can
also be obtained in an alternative way. Note that for pure
states the optimal measurement can be taken as the 1-local
measurement [15], if we repeat the 1-local measurement v
times with v copies of the state, Cov(x) will be reduced by v
times. Equation (41), which is the tradeoff relation for a single
state, then directly becomes Eq. (43) since Cov(X) is reduced
by v times. The two ways to get Eq. (43), however, have
different meanings. The derivation that uses |W(x))®” allows
arbitrary measurement on |W(x))®” while the derivation with
the repetition of the 1-local measurement only uses 1-local
measurement. The reason that they lead to the same tradeoff
relation is that for pure states 1-local measurement is already
optimal, allowing collective measurements does not improve
the precision. The situation is different for mixed states as we
will see in the next section.

The bound in Eq. (43) is obtained by summing the tradeoff
relations between pairs of parameters in Eq. (40), which ig-
nores the correlations with the other parameters. The presence
of other parameters, however, can affect the precisions. In the
Appendix A we show that when n > 3, by including the cor-
relations among the parameters, the bound can be improved as

1
—Tr[ ;' Cov™' ()]
n— 2 _1 _L.
Sn— (n_l)z ”FQZFImFQZHF‘ (44)
Since —f > Z when n > 3, this is tighter than the bound in

Eq. (43). It is also tighter than summing the tightest bound
for a pair of parameters in previous study [31].

We can obtain even tighter tradeoff relation for large n as
(see Appendix A for detailed derivation)

2

lTr[F Cov'(®)] <n— < ||F F]mF |F,

(45)

which is tighter than Eq. (44) whenn > 5.
The three bounds in Egs. (43)—(45) can be written con-
cisely as

2
P

lTr[ ~1Cov™ 1()c)] n—f (n)”F 2FImF |

(40)

where f(n) = 4(11 Ty (: 12)2 or 5. These bounds are all valid
for any n. Since larger f (n) 1eads to tighter bound we can take

f(n) = max{—- 4(}1 Ty (n 1)2 , 5} to get a tighter upper bound.

IV. PRECISION BOUNDS FOR MIXED STATES

For pure states, the ultimate precision under the local mea-
surement can be quantified by the Holevo bound since for
pure states the Holevo bound can be saturated with the 1-local
measurement. For mixed states, however, the Holevo bound is
in general not saturable under the local measurement. We will

first provide a tighter bound for the mixed states under local
measurement, then use it to obtain the upper bounds for the
incompatibility measures.

A. Multiparameter precision bound for mixed states

For a mixed state p,, with x = (x, ..., x,), given any
POVM, {M,}, and any |u), we define Cov, as a n X n matrix
with the jkth entry given by

(Covi)jk = Z[fcj(ot) — X138 (o) — x ) (ul o/ 0x Mo/ Px|ut),

[

(47
and A, as a n X n matrix with the jkth entry given by
(Au)jk = (ul/peX | X/ lu)
1
= 5 (ulV/pAX;. Xic) /oxlu)
1
+ lz(m\/E[Xj’ X/ pxlu), (48)

where X; = ) [%j(«r) — x;1M, is locally unbiased.

We first note that for any set of {|u,)} that satisfies
Zq lug) (uy| = I, we have Cov(®) = Zq Cov,,. This can be
verified by comparing q(Covuq )jx and Cov(%)jx as

Z (Covuq)jk
q
=YD I8i(@) — xj1lf(@) — xi]
q a

=Y [8&(@) — xj108% (o) — x ] Tr(p My )

(ugl/0xMa o/ Pxug)

= COV()?)jk. (49)

And for any |u), we have Cov, > A,(see Appendix D).
Since Cov, is symmetric, we also have Cov, = Covz >
AZ. Thus, for any set of {|u,)} that satisfies Zq ug) {ugl =1

and any choices of Auq € {Auq , AZ[,}’ we have
= Z Cov,, > A = ZA”V’ (50)
q q

where Auq equal to either Ay, or A,{q. We can write A in terms

Cov(x)

of the real and imaginary parts as A = Ag. + iAy,, then
v Tr[W Cov(%)] > 1?)1(1? Tr(W Age] + IVWARVWI1, (51)
j

where W > 0 is the weight matrix and the number of repeti-
tion v has been included.

This includes the Holevo bound [2] and the Nagaoka
bound [51,52] as special cases. To see the connection with
the Holevo bound, we just choose Auq = Auq for all g, then
for any set of {|ug,)} that satisfies Zq lug)(ug| =1, we have

A= > g A,, = Z(X) since (note that X; is Hermitian)

Aj = Z (A“q)jk

q

= Z(uqlﬂxjkamq)
q

= Tr(p:X[ Xe)
=Z(X)ji. (52)
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Equation (51) then reduces to the Holevo bound. When there
are only two parameters x; and x,, we can choose the set of

{luq)} as the eigenvectors of ,/p.[Xi, X»]./px and choose Auq
as

A — {Auq or %(quA/px[Xl, Xz] /on|uq> > 0’
q A:Z for %(qu‘/px[Xl, Xo1/pxlug) <0

Intuitively, A,,, can be written as the real and imaginary parts
as Ay, = AyRre + iAy,m, Where Ay 1m isa2 x 2 skew symmet-

(31) with ag = %(uq|\/px[xl, X2]\/px|uq>~
A,,q is then chosen according to the sign of ag, Auq =
A,, when a; >0 and A, = Alfq when a, < 0. The imagi-

(53)

. . 0
ric matrix (_,
q

nary parts of different Auq are then aligned and add up to
21/Px1X1, Xo13/px 1. With this choice we then have

A=Y A,
(q Te(p.X?)

STrlpdX), Xz}]>
STrl o (X1, X2}

Tr(p:X3)

+l.( 0 %nm[xl,xz]mn])
— 3 Iv/Px[X1, Xa1/Px I 0 ‘
(54)

Equation (51) then becomes (with W = I)

v Tr[Cov(X)]
> min Tr{Age] + [|Aml)
{X1.X2}

= mm Tr(,ox

{X1.X; ) + Tr(px

3) + IIVpX1, X21/px
(55)

which recovers the Nagaoka bound [51,52]. This establishes a
connection between the Holevo bound and the Nagaoka bound
and improves our understanding on these existing bounds.

The optimal choice of |u,) and f&uq provides the tightest
bound, but any choice leads to a valid bound. We now show
how nontrivial analytical upper bounds on I',, can be obtained
by making particular choices of |u,) and Auq.

B. Incompatibility under 1-local measurements
Given a mixed state p,, we can make a reparametriza-
1 ~ ~
tion with X:FQZx under which Fyp =1, and Cov(%) =

1 1
FQi Cov(fc)FQ3 . Thus, without loss of generality, we start with
the case that the QFIM equals to the identity.

We first consider the precision under 1-local measure-
ments, i.e., separable measurements. Note that for any vector
|u), we have

— (X1y/Balu) . X/ i) LBl ... Lu/ilu))’
(/A1) . Xo/Br1u) LiJBr10) .. Lo /B51)
_ (;}T i) >0, (56)

where A, B, and F,, are n x n matrices with the entries given
by

(A)je = (ul/peX | Xe/ D u)

1
5 (Ul/PuAX;. Xid/pxlu)

N e AN Y
(Ul /X L/ 1)
= %<u|m{xj,Lk}mlu>
N AN
(F)jk = (uly/BeL} Li/px 1)
S N AN AN A

(Bu)jk =

1
+ i ul/PrlLy, Lil/pelu). (57

For a set of {|u,)} with Zq lug){ugl =1, we obtain a
corresponding set of {S,}. We then let S =3 S, where
S € (S, SL{} Since S, > 0 and SLZ

see that

> 0, it is then easy to

S= Zsuq=<A '—3)20, (58)

where F = > q I_?uq with Fuq equal to either F,, or Fuz, A=
>, Ay, with A, equals to either A, or ALZ, andB=)" B,
Since S,, has the same real part as S, , the real part of S is
independent of the choices of Suq. In particular, the real part
of F always equals to the QFIM as

_ 1
(Fre)ji = D 5 Gt l/PelLy, Lid/Prltg)

q
1

= Tf|:/0x§{Lj, Lk}:|

= (Fp)jk- (59)

Similarly, it is straightforward to see that the real part of B
also remains the same as

_ 1
Bre)jic = ) 5 {utglV/oAX;, Lid/pelug)

q
1
=5/, (60)

where the last equality is the locally unbiased condition. We
can thus write B = I + iBy,. Since Cov(X) > A, we have

Cov(®) B
( & F)>o. 61)
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Then by following the same derivation as in the previous
section we have

lTr[ ~“ICov™! (x)]

2
P

<n—f)|Fy FunFy | (62)

where f(n) = max{4(n 0 (: 12)2, 5} Fi, is the imaginary

part of F= Z F with each Fu equals to elther F,, or F r

which can be optlmlzed to get the maximal ||F Flm || F.
We can also obtain additional bounds by combmmg dif-
ferent choices of {|u,)}. In particular, we can choose different
set of {|u,)} according to different pair of indices, say o #
B e{l,2,...,n}. Specifically, for a given pair of indices, o
and B, we choose a set of {|u;), ..., |ug)} as the orthonormal
eigenvectors of ,/p,[Ly, Lgl./px. Note that ,/o[Ly, Lgl/0x
is skew Hermitian whose eigenvalues are pure imaginary,
thus for any eigenvector |u,), uq|\/E [La, L,g]\/E lug) = ia,
with a, a real number. The imaginary axis of (F, g =

(uq|\/loxLaLﬁ«/:0x|uq> is then %(uqk/px[La’ Lﬁ]\/px|uq> =

I
5a4- We then let

5 Sy, fora, >0, 63
Ha '_{ uTq fora, <0, 63)
and sum S, to get
=Ys, ( A B) >0, (64)
q

where F = Z F with Fu equal to either F,, or E, T which
are determmed by the choices in Eq. (63) so that the i 1mag1nary
parts of all (F, ,Jep are all positive, A= Z u, With A
equals to either A, or Au ,andB =Y g B,,. Itis casy to verify
that according to the choices in Eq. (63), which aligns the
imaginary part of the afth entry of each l_?‘”q with the same
sign, we have

_ 1 1
Fin)os = D Slagl = SI/0ilLe Lol/pxli, (65)

q

where || ... ||; is the trace norm which equals to the sum of
singular values and for the skew Hermitian matrix just equals
to the sum of the absolute value of the eigenvalues. Again,

since Cov(%) > A, we have
Cov(¥) B
( it F) >0. (66)

Then by following the same derivation as in the previous
section, under the parametrization that Fy = I, we can get the
same tradeoff relation, similar as Eq. (40). Specifically, for the
entries associated with o and 8, we have

%KFIm)zxﬁ'z
(67)
with (Fim)ap = 3113/Px[La. Lgl/Pxll1. We note that here we
make the choices of {|u,)} and {S, } according to a partic-
ular pair of indices « and B, thus only the imaginary part

of (Flm)aﬁ equals to %H VPx[Ly, Lgl/pxl1, for other indices

1 —[Cov ' (®)]ue + 1 — [Cov ' (®)]gp =

(j. k) # (o, B), in general (Fi)jx # 31/BrlLs, Ll
However, for different pairs of indices, we can repeat the
procedure, i.e., choose another set of {|u,)} and Suq, to get
the same tradeoff relations with different indices as

1= [Cov™' @)1 + 1 — [Cov™' (D)u
> %(%”\/E[Lj,Lk]ﬂIh)Z. (68)

We note that these tradeoff relations are on the same covari-
ance matrix as the choices of {|u,)} and Suq do not affect
the covariance matrix itself, they are only used to obtain the
bounds.

By summing the tradeoff relations in Eq. (68) over all pairs
of indices we get

1
—Tr{Cov™'(®)] < n ICi 1%, (69)
V

1
4n—1)
where v comes from repeating the 1-local measurement on v

copies of the state, C; is a matrix with its entries given by

(CDje = 3lIv/PelLj, Ld/pxlh- (70)

We note that C) is different from any particular Fy,,. We get
different Fy,, by choosing different {lu,)} and Suq for different
pairs of indices. C; is obtained by combining the tradeoff
relations in Eq. (68) which are obtained by choosing different
{lug)} and S, for different indices.

As stated at the beginning of this section, when Fp # I in
the original parametrization, we can make a reparametrization

T - N 1 [
X = FQZx, under which Fp =1, Cov(X) = FQ2 Cov(fc)FQ2 ,Lj =

1
> p (FQ *)jqLq, the tradeoff relation in Eq. (69) can be written
in the original parametrization as

lTr[ JlCov(®)] = lTr[cbv“(fc)]

1
<n-—|C 2, 71
xn 4(n— 1)” 1||F (71)

with the entries of C; given by
1 ..
Cjk = §||«/;0x[Lj, Li ]/ pxlln
1 1

! m[z ) LY (F%>quq}m

2
q q

1
(72)

The tradeoff relation immediately gives a necessary con-
dition for the saturation of the QCRB under the 1-local
measurement. To saturate the QCRB, for Cov(x) =
})FQ , it requires 1Tr[ SlCovi(®)] =n, Wthh is only pos-
sible when C; =0, 1e m[Lj,Lk /px =0 for any j, k.
This is the partial commutative condition expressed under
the parametrization where Fp = I, and is equivalent to the
partial commutative condition in the original parametrization
as /px[Ly, Lyl /px = O for any q and s. The equ1valence can

be seen by writing L, = Z (F )giLj and L = Zk(F YLk
it is then easy to see that when ./,oX[L], Li1/px = 0 for any

J» k we have ,/p.[L,, Ls],/px = 0 for any g and s, and vice
versa.
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C. Incompatibility measures under p-local measurements

For p-local measurements, which are the collective mea-
surements on at most p copies of the state, we can get
the tradeoff relation by replacing p, with p2” in the
previous section. Again we first assume Fp =1 for py,
then Fp, = pl for pEP . Following the same procedure as
the previous section, for a fixed pair of j,k by substi-

tuting Cevfl(fc) 2COV 1()c)F COV Cov ') 4nd Fimp =

FImp

=

2Flmp oy = in Eq. (40) we can get

_Cov'@y L Cov @ 1‘(Flm,,),-k ? 73
p p 2

with (Fimp) ik = SV 0 [Ljp, Lip ]V 027 |11, where Lj, is the

SLD corresponding to the parameter x; for 2P, which can

be written as Lj, = Y7_ LY with L =19V QL; ®

I8P~ r=1,...,p, L;jis the SLD for a single copy of the

state.

Again, we can repeat the procedure for different pairs of
J, k and sum over all pairs of j, k to get the tradeoff relation.
Under the parametrization that Fp = I, we have

1 Tr[Cov™ l(x)]

! Tr[Cov’l )]
v/p P

(74)

__H_p
4n—-D | p |F

where the factor ﬁ comes from repeating the p-local mea-
surement v/p times on a total v copies of the state, C, is a
matrix with the entries given by

®p[Ljpv Lkp]\/ p;fx)p”l' (75)

If Fp #1 in the initial parametrization, we can again

1
Cplix =5 [

1 -
make a reparametrization ¥ = Fsz first, under which L; =

>,Fp’

1
*)jqLq- The tradeoff relation can then be written as

1 2

C,
4n—1)

1
—Tr[F, 'Cov ' (®)] <n . (6
v

with

Cpje = S|V o Ljp, Liply 27| (77

where Lj, = 3" (Fy *)jqLyp-

| % || determines the gap between the bound and n, which
measures the incompatibility of the measurements. Since p-
local measurement is a subset of (p 4+ 1)-local measurement,
we expect that || Cpu TllF < || S ||F since there should be less

incompatibility when more measurements are allowed. This
can be verified as

IV 227 PILjpeny. Lipiny ]y 0577

p+1
H > o [ @D (29, L] / PSPV
p+1

H(l/P) Zerl Zr;ﬁq ®(P+1) L(r) L(r) \/mul

p+1

P+1 ” Zr;ﬁq / ®(P+1) L(r) L(V) / ®(P+1)”l

p(p+1)

_ (P + l)”W[ZJjW Z‘kp]\/ P)?pnl

p(p+1)

_ Iv i Ly, Liply p§p||1

p

(78)

Cp+ 1

i‘e. (Cp+l)/k < (C;)jk

pos which implies || TllF < ||%||p.
A necessary condition for the saturatlon of the QCRB
under the p-local measurement is % =0, which implies

/ ®rri i / ®p
I o Lip. Lk”] £l — 0 for any j, k. This is equivalent
o /e [L”’ L‘”]‘p* ' — 0 for any j, k in the original

parametrlzatlon and can be seen as the partial commutative
condition under the p-local measurement.

At p = 1, the condition % =0is equivalent to the partial
commutative condition. It is natural to ask whether this condi-
tion recovers the weak commutative condition at p — oo. In
the Appendix B we explicitly show that this condition indeed
reduces to the weak commutative condition when p — oo.
Specifically we show that (regardless of the parametrization)

lim ” V /O,?p[zfjp’ kap]\/ P)?p”l

p—>0o0 p

= |Te(pulLj, LDl (79)

=0is
then equivalent to the weak commutative condition FIm =0,
where (Fim)jx = 3Tr(pc[L;, Li]). This clarifies the connec-
tion between the partial commutative condition and the weak
commutative condition and solves an open question [23].
The connection also suggests that the partial commutative
condition under p-local measurements % =0is likely also
sufficient for the saturation of QCRB under p-local measure-
ments, although we do not have a proof.
Since || % ||F is monotone, we have

When p — oo the partial commutative cond1t1on

C . C N
ICillF > ‘—2 > > lim ' 2N = B, (80)
2 ||g p= | pp
where  (C)jx = SIVPsIL;, Lily/pslli and  (Fim)j =

%Tr(px[f,j,ik]) with Z.,- and I; as the SLDs under the
reparametrization that FQ = 1. All values of M are thus

between LTr(y/zrlLy, Iyl and vzl g7,

ie., between the absolute value of the trace and the trace
norm of the same matr1x px[LJ, Ll Px.

When p — oo, by subst1tut1ng lim,_, o ||%||p = || Fullr
into the bound

1 2

_ 1
4n—1) ®1)

y<n-—

h
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we have

oo <

1 .
—— |Enl. 82
n 4(n_1)||1||p (82)

Combined with the lower bound in Eq. (6) [30], which is

I’l2

> ———— >n—|Fnlh, (83)
n+ ||F1m||1 "

we get

n—||Fmll; <Too <n— IFimly,  (84)

1
4(n—-1)

1 1
where Fin = F,, * FinFy, *. It can be easily seen that the QCRB
is saturable (in which case I'o, = n) if and only if Fm =0,
which is just the weak commutative condition. This provides
an alternative way of showing the weak commutative condi-
tion is necessary and sufficient for the saturation of QCRB at
p —> o0.

Fim has been proposed as a measure of quantumness based
on the lower bound I's, > 1 — ||Fin|l1 [30]. The upper bound
obtained here adds another layer on the interpretation of Fi,, as
the quantumness when p — co. We note that if &
sufficient for the saturation of the QCRB under p-local mea-
surements, -2 can be used as a measure of the quantumness
under p—local measurements.

Similar to the case of pure states, we can also obtain the
other bounds as

= 01is also

1 F, F
~Te[Fy Cov (®)] <n — f) | S—22—| | (85)
v P
F
where f(n) = max{——— 4(n 0 (n" 12)2, é} Flm,, is the imaginary

part of F= > q Fuq with Fuq equal to either F, or Fuf, where
F,, is an x n matrix with the jkth entry given by

(Fu,) i = {utgly 02 LipLigp) 0" lutg) (86)
L;, is the SLD of p” corresponding to the parameter x;, and

{|uq)}. are a set of vectors in pr tha.t satisﬁc?s Zq lug) (uyl =
I;» with I;» denote the d” x d” identity matrix.

D. Simpler bounds of the incompatibility measures

The obtained tradeoff relation under the p-local measure-
ment in Eq. (74) needs to compute ||v/ o2 [L;,, LiplV o271,
which involves operators whose dimension increases expo-
nentially with p. Here we provide an alternative tradeoff
relation, which only uses operators on a single quantum state
thus easier to compute

If we write /o [Ljp, LiplV pe? = D(Jk) OE,jk) with

D;,J ) as the diagonal part and O;,J " as the off- diagonal part,
we have (see Appendix B)
ik
1271 <

127+ 071, < 1251, + [0°],- @7

In the Appendix B we show that with the eigenvalue decom-
position p, = 3 71| Ag|W,) (W, | with &, > 0,

P
Pl = ¥ (nxv) S i L) 69
VlyeensUp r=1
. _1
where vi,...,v,€ef{l,....m}, L;= Zq(FQ 2)jqLy and
. _1
Ly = Zq(FQ JigLq. As shown in the Appendix B,
. (jk)
||0(p]k)||1 ~ O(/p), the difference between 127 and
IV '§I)[Zf”fk"]v 271 is then within the order of -= [, ie.,
" o
125, _ Ve iLip, LW el
~
14 p

By 2/ T

o)

Here ||D(j Ny is quantitatively equivalent to the expected
value of |Z \I/u,|[L Li]|W,,)| with each eigenvector
|W,,) selected 1ndependently with probability A, , i.e.,

by, =E( ) o0

where E(-) denotes the expectation, each |W,, ) is randomly
and independently chosen from the eigenvectors of p, with a
probability of the corresponding eigenvalue A,,.

. = = . ik
By replacing |Iv/ o8 [Ljp, Ly ]V o2 11 with IDF]l1, we
then obtain an alternative bound

14

>y |12, L[ wy,)

r=1

2

_ |z , 91
dn—=1D| p oD

lTr[

( )]k—_E<

Here 7, is also monotonically decreasing with p as

~1Cov™ 1()c)]

with

14
> (W |1, Ll W, ) ) 92)

r=1

T,
- > lim H—’

T .
I = = 1Finllr,  (93)
2 1F F
where (Fim) jx = %ITF(,OX[IZ,', L)l
We note that this bound can be equivalently obtained by

choosing the set of {|u,)} in Eq. (49) as the eigenvectors of p,
instead of the eigenvectors of ,/oc[L;, Ly]/px-

V. INCOMPATIBILITY MEASURES WITH RLDs

The approach can be used to obtain various other in-
compatibility measures with different operators. Here we
demonstrate it with the right logarithmic operators (RLD)
[1,61].

The quantum Cramer-Rao bound in terms of the RLD
quantum Fisher information is given by

Cov(®) > é(FRLD)_l, (94)
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where (FRUP); = Tr(p, LEL), L¥ (L) is the RLD asso-
ciated with the parameter x; (x;), which can be obtained
from the equation 9,0, = prf [1,18,61]. Different from the
SLD quantum Fisher information matrix, the RLD quantum
Fisher information matrix is in general a complex matrix.
If we decompose the inverse of the RLD quantum Fisher
information matrix into the real and imaginary parts as
(FRID)=1 = (FRLD) 1 4 j(FRLD) I "Eq. (94) then leads to
the standard RLD lower bound on the weighted covariance
matrix as

v Tr[W Cov(x)]
> T W (FRP)! ] + VW ERPIVW . 95)

For single-parameter estimation the standard RLD bound
is always less tighter than the SLD bound. For multiparameter
quantum estimation, however, the RLD bound can be tighter
than the SLD bound [36,50,61].

We can obtain an upper bound on I', from the stan-
dard RLD bound. As Cov™' (%) < vFRIP, by writing FRIP =
FRED 1 jFRLD a5 the real and imaginary parts, we have

1 1
%Tr[FQ_lCov_l(fc)] STi[Fy ' Fe P] — | Fy * AP Fy * -
(96)
This bound is independent of p since the RLD bound holds
under any measurements.
We now show how the standard RLD bound can be
improved in a similar way. By choosing the operators as
X1, .oy X, LY LRY), we have

Su = (X1/Pxlu) ... Xo/prlu) LY /Dslut) ... L,’fK/EIu))T
(Xi/Dlu) ... Xo/olu) LY /pluy ... LT /o))

A, B,
= (B* F) >0, 97)

with (A jk = (ul/PxX; Xi\/Px 1),
(Ul /B XL P}, (F) i = (ul f BLRL /pxlu).

Similarly, if we choose a set of {|u,)} with Zq [ug) (ug| =
I, we can get S = >, S., with S, € {Suq,SuTq}. The stan-
dard RLD bound corresponds to choosing S, = §, for all
g. In this case S = Zq Su, = (1?-;- Ffm) > 0, where (A)jx =

Tr(0.X;Xe). B)je = Tr(p XL, (FRP) ;i = Tr(p LAL).
From the local unbiased condition,

(Bu)jk =

Tr(pc LX) = 85, (98)
we can get
B = Tr(peX;Ly")
= Tr(p:LfX;)"
=3, (99)

thus, in this case B = I. The standard RLD bound can then be
obtained via the Schur’s complement as

Cov() > A > B(FR*P)~1gT — (FRLD)-1, (100)

If it is repeated with v times, we then obtain the standard RLD
bound

Cov(%) > %(FRLD)’I, (101)
which then leads to the upper bound on I',, as in Eq. (96). For
any p-local measurements, we can replace p, with p2” and
repeat the measurement v/p times, which leads to the same
tradeoff relation as in Eq. (96). This is consistent with the fact
the standard RLD bound holds for any measurements.

The standard RLD bound can be improved by making
proper choices on {|u,)} and {Suj}. Here we make a partic-
ular choice as an illustration. Again, we first assume Fyp =
I and for a fixed pair of indices j, k, choose a complete
basis {|u1), ..., |uq)}, as the orthonormal eigenvectors of
VPRLT — LRLEY) /Py For any |u,), the imaginary part
of (F,)jk is 5 (ug| /e (LRLE" — LRLE") /pilug), which we
denote as t]‘.’k. We then let

5 S., when tjqk >0, 100
o {qu when  } <O. (102)
In this case we get
= = A B
§=YS, = (B* FRLD), (103)
q

where B = I + iBy,, FRLP = > g Fuq with Fuq equals to either
F,, or Fuf according to the choices in Eq. (102) [which makes
the imaginary part of (I_*’uq )jx always positive]. The real part

of FR' remains the same as F-P, the imaginary part of the
jkth entry of FRLD s

(Fin®) e = 3o (L = LELT) Vol

By following the same procedure, we can obtain the trade-
off relation under the 1-local measurement (under the
parametrization such that Fp = 1) as

(104)

1
4(n—1)}

where  (CF'?) = min{3 | /pe(LFLET — LELTY) /pellr. 2)
(see Appendix E). If we repeat the 1-local measurement
on v copies of the state, the tradeoff relation under 1-local
measurements, with the parametrization such that Fp =1, is
then

Tr{Cov™' (®)] < Tr[Fgi°] — |CFP| (105)

2
F°

—|
4n—1)
When Fy # [ initially, we can first make a reparametrization

_1
with ¥ = F, >x. The tradeoff relation in Eq. (106) can then be
expressed in the original parametrization as

%Tr[Cov’l(fc)] < Tr[ R P] - |CRP|2. (106)

1 —1 B
;Tr[FQ Cov (x)]
1

—1 -RLD RLD ||2
STlF Pl = gompla™ e aon
with the entries of C[P  given by (CR'P), =
min{3 || /A (Lf L — LEL)yoelh. 2}, where  Lf =

062442-11
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1 - _1 .
> (Fp Djgl¥ and LE =3 (F, * gLy (see Appendix E

for detail).
For p-local measurements, we can similarly get

1
—Tr[Fy 'Cov™'(¥)]
RLD 2
< Tr[F; EREP , (108
X I‘[Q Re ] 4(n_1) ( )
where (CRP) = min{5[|v/ o (L L — L,’f,,Lf; ol

2p}.

VI. EXAMPLES
A. Example 1

Consider a state p, = %(1 + §o3 4+ x101 4+ X207 + x303),
where the true values of the parameters xi, x,,x3 are all
0 and |8 < 1. The eigenvectors of p, are |0) and [1)
with p,]0) = 2(1 +8)|0), pill) = 2(1 —48)|1). The SLD
operators corresponding to the parameters can be easily
obtained as

(0 1 (0 —i (5 O
n=( o) w=(0 ) (8 5)
(109)
from which we can get the QFIM

1 0 0
Fp=|0 1 0 (110)
0 0

1
1-82

1
The SLD under the reparametrization X =Fjx are

given by

= 0 —i
L, = (i 0 ), (111)
-5
L= (Ve O
143
0 -/
From (C)jx = 3 1l/P:IL;, Lil/px ]l we have
0 1 1
a=(1 o 1} (112)
1 1 O

which gives the tradeoff relation under the 1-local measure-
ment as

1 . 1 1 , 9
;Tr[FQ Cov(%) ]<n_m”q”F=Z (113)
with

1{1+6 - . 1-346 . .
(Tl)jk=§{T|(0|[Lj,Lk]|0>|+T|<1|[Lj,Lk]|1>|},

(114)

we can obtain the bound with 7} as

lTr[ S 'Cov®) ' < n— (115)

— T = —.
= ool =
If we choose a set of {|u,)} as |uo)=((1]), lu;) =

((1)), which satisfies |ug) (ug| + |u1){uy| = I, from (F,,q)jk =
(g /OxL;Li/Pxlug) we can obtain

148  i(1+8) 0
Fu(,zz —i(1+68) 1+ 0o 1,
0 0 1—6
[ 18 —id=8 0
Fy=-lil-8 1-38 0 (116)
2\ o 0 146

We can choose F = F,, + Fuf whose imaginary part is

) 0 1 0
Fn.=|-1 0 0], (117)
0 0 0
the tradeoff relation in Eq. (85) then gives
1 _ o n-2) 5
;Tr[FQ 'Cov(®) '] <n— W|| Fioll? = > (118)
For 2-local measurement, using ()ji =

TV Ly, Lol p22 Iy with  Lp=L;®@I+I1®L;,
we can obtain
0 14682 V1482
G=| 1+8 0 V1+4§2], (119)
V148 J1+82 0
which gives the tradeoff relation
lTr[ 1COV()c) ] H ”
4(n—1)
45 1 1
=— — 82— =5 120
16 4 16 (120)
From
1/1+68\° . . oo
(12)x =5\ [{O[[L;, L]]0) + (OI[L;, Li]]0)]
1+61— L.
+T—|<0|[L,,Lk]I0> (1[Lj, Le]l1)]
1/1=8\* . . o
3l [(LILLj, Ledl1) + (LI[L;, Lell1),
(121)
we have
0 1+8 0
Th=11+8? 0 0], (122)
0 0 0
which gives the tradeoff relation with 75 as
1 1 . |*
—Tr[ 1Cov()c) ] 2
4n—=1)| 2 |
47 8z &t (123)
16 8 16

062442-12
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If we choose a set of {|u,)} in the two-qubit space as |ug) =
|00Y, |u1) = |01), |uz) = |10), |uz) = |11), we can obtain

L A+8° i +8) 0
Fu=5| =i +87 (1487 0 ,
0 0 21 — 82
L(1-3 0 0
Fo=-| o 1-8 o],
2\ o 0 282
L(1-8 0 0
FM:E 0 1-8> 0|,
0 0 282
| (1 =872 —i(l—298)? 0
Fo=-|i1—8? (1-6y 0 . (124)
2\ o 0 21 — 82

where the entries of F, ~are obtained as (F, ) =

(uq| p)(cg2l~’jzl~‘k2v p§2|uq>~ Let F:Fuo +FM1 +Fu2 +Fu73-7
which has the imaginary part as

_ 0 1+68% 0
Fio = | —-(1+8% 0 0 (125)
0 0 0
This gives the tradeoff relation
= 2
1 1 a1 (n—2) || Fimo
;TI'[FQ COV()C) ] g n— m T .
1
=3- g(1+32)2. (126)

When § =0, ie., p, = %(1 + x101 + X207 + x303), the
tradeoff relations can be analytically calculated under general
p-local measurement. In this case the SLD operators under
the reparametrization are given by Li=o0,0, =0y 15 =03,

thus,
1 ®pry i ®p
2 = 5[y o (L, Loply/ 0|
1
= §|| o5 lo1p, o2l 027 |
1
= §||U3p||la (127)
where 07, = f':l al(r) forl € {1, 2, 3}. As the eigenvalues of
01 are —p + 2s with multiplicity (?), where s =0,1,..., p,
thus,
~(p
losplls = Zoj (S)| —p+2sl
L p 2p(’j,,1]), if p is odd
= 2 (p — 25) = pT . .
= p(,i) if p is even.
(128)

Due to the symmetry, (C,);x takes the same value for all
Jj # k € {1, 2, 3}. The tradeoff relation under the p-local mea-

3.2
3.0, == e e e e e e -
....QQQ"'V'V'
* 0 ¢ 0
2.8 ¢ ¢
L1226
2.4
¢ == = QCRB/Holevo
2.2 ¢ TLwithC,
Ip with T,
2.0

1 3 5 7 9 11 13 15 17 19 21

FIG. 1. Upper bounds on I', obtained with C, and 7}, together
with the QCRB and Holevo bounds at the case § = 0.

surement is then given by

1 : G
4 an—1 .
Iy = JTFp ! Coviy™] <n— m”? r
2
a3, (2
4\ p

1
where NV, = 5; (|31
For the bound with T}, we have

1< 148\ /1 —8\""
(T = ;(I;)(T) (T) 25 — 2(p — 9|

1 p
=52 (f)(l +8YA =825 —pl.  (130)
s=0

[N}

and (Tp)13 = (Tp)23 = 0, thllS,

1 2
~Tr[F,'Cov ! (%)] <
” r[ o Cov (x)] n i

T
p

=
CAn—1)

=3 #(Tp)fz. (131)
In Fig. 1 we plot the bounds as a function of p in the case of
6 = 0. Note that in this case the weak commutative condition
holds, the Holevo bound equals to the QCRB, which is achiev-
able when p — oo. For any finite p, however, the bounds are
strictly less than 3, thus any collective measurement on finite
copies can not saturate the Holevo bound. It can also be seen
that the difference between the bounds obtained from C, and
T, is large for small p, but the difference decreases with p.
We also plot the bounds for the state p, = %(1 + 8oz +
X101 + X209 + x303) with general § in Fig. 2. The complexity
of calculating the bound with C,, which we compute up to
p = 10, increases exponentially with p. As a comparison, the
bound with 7}, is much easier to compute, which we compute
up to p = 100. Since the difference between these two bounds
decreases with p, a good strategy is to use the bound with C,
for small p and use the bound with T}, for large p. We also plot

062442-13
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p

3.00

2.95

2.90

2.85

2.80

" N ) S, =¥
- » v *oo

\
A S . e o

pN —y-

—e— QCRB

p =100,
T owith T,

p =40,
with T,

p=10,
with T,

p=10,
with Cp

p=2,
with T,

p=2,
" with iy

p=2,
with C§
p=2,
with Cp

we have
o1 1 4 4 L 1 o0
1o 1 + 1 1 1 o0
110 3 3 1 3 0
LT A B

G=l1 1 1 | o 1 1 | 03
2 2 2 2 2 2
T B T N
bbbt b1 o0 £
00 0 f F F L o

-0.4 -0.2 0.0 0.2 0.4

6

FIG. 2. Comparison of different bounds of I",, for the estimation
Ofpx = %(1 + 803 + x101 + X0, + x303) at x; = x, = x3 = 0.

the bound with the RLD for p = 2, it can be seen that the RLD
bound can be either tighter or less tight than the bound with
Cp. We can combine these bounds and choose the minimal of
them to get a tighter bound.

B. Example 2

We consider another example with a three-dimensional
state p, = %I + Zj x;G;j, where G; = %Aj, where {Aj}§=1
are the Gell-Mann matrices

01 0 0 —i 0
Ar=1l1 0 o], =i 0o o],

0 0 0 0 0 0

10 0 0 0 1
A=(0 =1 o). a,=[0 0o o,

0 0 0 1 0 0

0 0 —i 00 0
As=]o 0o o). ac=[o o 1},

i 0 0 01 0

00 0 L1 0 0
A=l0o 0o —i|. as=—[0 1 o], 132

0 i 0 V3lo 0o -2

which form a basis for 3 x 3 Hermitian matrices. When
the true values of the parameters are all 0, the SLDs can
be obtained as L; = 3G, and Fp = %I. The SLDs after the

reparametrization which makes Fp =1 are given by L; =

\/ng = \/EGJ-. Since

€ = 3 IWelLj, L/oel = WGy, Gilll, — (133)

This gives the tradeoff relation under the 1-local measurement

as
lTr[ ;'Cov ()] < L IC1 7
4n—1) F

50

= — ~17.14. 135
7 (135)

For p-local measurement, we can similarly obtain

(C )jk =3 || [Ljpa Lkp]\/@Hl 3 A—1 ”[GJIN Gk[)]”lv

(136)
where [Gj,, Gi,] = 1[G(r) ,(C’)]. Since the eigenval-
ues of [Gj, Gy] are { A, 0,1}, where A:%(Cl)jk, the
eigenvalues of [Gj,, Gxp] are given by As with mul-
tiplicity (?),, for s=—p,—p+1,....p, where (), =
Y2 o(=Di(%) (i’i ﬁ’l) is the trinomial coefficient, which can
be obtained as the (j+ p)th coefficient of the polyno-
mial (1 + x+ x?)? (see Appendix F for details). We thus
have

p p
G Giplli = > |As|(p) - 2AZs<”)
5/2 s=0 572

s=—p

P
=(Cl)jk2s(’s’) ,
2

s=0

(137)

where we have used the fact that (£), = (%),. Denote NV, =
P, s(0),, we then have

N,
- ”[G]pa ka]”l - (Cl )_]k

€k = 57 oo (139
which gives the Frobenius norm of C,, as
1 2
ICollr = D (C%=|> ((CI),ksp —N, )
ik Jk
1 1
= 7 NplICillr. (139)

=5V /Zk[(cl il =5
J
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The tradeoff relation under the p-local measurement is then
given by

1 2
—Tr[F;'Cov ' (®)] <
5 r[Q ov (x)] n .
1 1 2
=n— i3 N,
n 4(n_1)” 1||F<p3p_l p)

6( 1 g

55

#/\/p monotonically decreases with p and it is only

equal to O when p — oo. The Holevo bound, which equals to

the QCRB in this case since the weak commutative condition

holds, can thus only be achieved with collective measurement
on genuinely infinite number of quantum states in this case.

If there are only three parameters, for example, {x;, x, x5},

the associated matrices are given by the 3 x 3 submatri-

ces of the original ones. Under the 1-local measurement we
have

1 C,
4n—1) | p

(140)

Here

0 1 3
aG=|1 0 1. (141)
1 1
2 2 0
which gives the tradeoff relation
lTr[F—lcOv(fc)—l] <n— ;HQII%
p L@ 4(n—1)
3
=3- 3 =262 (142)

Under the p-local measurement, we have

2
lTr[F-‘c:ov(fc)—'] <n
V Q0 F

1 Cp
4n—-1) | p

1 2
=n-— CI?
1 g 1||F(p3p_ljvp>

3/ 1 2
=3 §<WN,,> . (143)
For p = 2, this gives

1 . . 1 Cy 2
— £ <pn— — || ==
1)Tlr[FQ Cov®) '] <n pr I)H 5 HF

4 3 1 16

8 4 9
17
= 3 ~ 2.83. (144)

The bound with 7, can be similarly calculated as
(I = 3 20 oy ()0 )52 S Gyl (0
(L, Li]10) +r x (1[[Lj, Li]I1) + (p—s — 1) x (2|[L;, L]

|2)]. For § = 0, the equation can be simplified as

LN S~ (P\ (P
(Tp)12:§<§) ZZ<S>< . >|3s—3r| (145)

s=0 r=0

3.1
3.0 o o —— -
ooovvvv""""
¢ ¢ ¢
2.9 1 R
¢
228
2.7 A
¢ == = QCRB/Holevo
2.6 ¢ TLwithC,
Ip with T,
2.5

1 3 5 7 9 11 13 15 17 19 21

FIG. 3. Precision bounds I', for p-local measurements and the
Holevo bound when n = 3.

and (T,)13 = 0, (T,)23 = 0. This then gives

| 2
—Tr[F,'Cov! ()] <
. r[Fy ' Cov™'(®)] < n )

L
P

1
_4(n—1)‘

=3— #(T,,)%z. (146)
We plot the bounds for n = 3 as a typical case in Fig. 3. It can
be seen that the Holevo bound, which equals to the QCRB
as the weak commutative condition holds, is only achievable
when p — oo. For any finite p, the bounds are strictly less
than n.

If there are only two parameters, the associated matrices
are then given by the 2 x 2 submatrices of the original ones.
For example, suppose the two parameters are {x;, x,}, we then

have
0 1
=1 o)

and the tradeoff relation under the 1-local measurement is then
given by

(147)

L 1 23
;Tr[FQ Cov®) '] <n— ——IICillF = =3 (148)

dn—1) 2’

in this case it is tighter than the Gill-Massar bound.
Under general p-local measurement, we have

2
F
1 1 2
=n— CilI? N,
" o=t 1||F<p3p_1 p>

1/ 1 2
=23 %)

lTr[F—ICov(fc)-l] < 16 0 1.78
v 0 9 T

l —1 a1
vTr[FQ Cov(x) ] <n

1 C,
4n—1 | p

(149)
For p = 2, we have

(150)
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| ¢ with T,

s p=6,
Y ¥ with T,

b4 p=6,

)
R T, 2T 200 N N N ey N
vl v M with Cp

A Voo ‘.'.'I.v

N, "
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o 7= with €

2.80 p=2,
“¥ with G,

................ - p=2,
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FIG. 4. Comparison of different bounds of I",, for the estimation
Ofpx = _%I +8G3 +x1G| + G, +x5Gs at x; = x, = x5 = 0.

and for p = 3,

1 299
—Tr[F,'Cov($)™'] < = ~ 1.85.
V

151
162 (151)

Similar as the previous example, we also consider the
estimation of the state p, = %I + 8G3 + x1G + x2G5 + x5Gs5
with general é and plot the precision bounds in Fig. 4, where
we plotted the bounds with C, up to p = 6 and the bounds
with T, up to p = 100. We also plotted the bounds with RLDs
and F;,, for p = 2 (see Appendix F for detailed calculations),
as it can be seen the bound given by %Tr[FQ_ ICov(®) ™11 €

— ((:—_12))2 [I % ||12p is tighter than the bounds given by C, and

T> in this case.

VII. SUMMARY

The presented framework provided a versatile tool to ob-
tain bounds on the precision limit in multiparameter quantum
estimation under general p-local measurements, which sig-
nificantly increased our knowledge on the incompatibility in
multiparameter quantum estimation. The relation between the
partial commutative condition and the weak commutative con-
dition is also clarified. Future studies include improving the
bounds by exploring different choices of {|u,)} and operators
in S, clarifying whether the partial commutative condition
is sufficient for the saturation of the QCRB, and identifying
the ultimate precision under general p-local measurements.
The approach can also be used to strengthen the uncertainty
relations for multiple observables, which is another interesting
direction to pursue.
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APPENDIX A: TRADEOFF RELATIONS

We derive the tradeoff relation from

A B
S = <B"' F) >0, (A1)

where A, B, F are n x n matrices with Cov(t) > A, B=1+
iBim, and F' = Fp + iFy,. We note that the derivation below
works regardless whether S is obtained from pure states or
mixed states.

Since Cov(X) > A, we have

Cov(®) BY_ (Cov®)—A 0\, (A B
( B! F>_< 0 0>+<BT F>>O‘
(A2)

This implies that F —BTCOV’I()?)B > 0. Since F = Fyp +
iFim, B = I + iByy,, we thus have

Fp + iFim — [Cov™' (%) + B[,,Cov™ " ()Bim
+i(Bf,Cov™'(£) — Cov™'()Bim)] = 0. (A3)

which implies the real part is positive semidefinite, i.e.,
Fp — Cov™'(%) — BL, Cov™ ' (#)Bim > 0. (A4)

This can be written as Fp — Cov'(®) > BITmCOV_1 (X)Bim >
0, which is stronger than the quantum Cramer-Rao bound
Fy — Cov'®) >0, typically written as Cov(X) > Fél. To
saturate the bound, i.e., Cov(x) = FQ_ I we need to have
Bl Cov™!(%)Bim = 0. When the covariance matrix is full
rank, which is always the case when Fy is invertible, this
requires By, = 0, Eq. (A3) then becomes

Fp + iFim — Cov™' (&) > 0. (A5)

The saturation of the quantum Cramer-Rao bound then

requires ify, = 0. Since Fi, is antisymmetric and its eigen-

values are in the form of +if with 8 € R, iF,, > 0 is only

possible when all the eigenvalues are zero, i.e., Fj, = 0.
When Fi, # 0, the QCRB is not saturable. Denote Fr =

Cov~ (%), and we write Eq. (A3) as

Fo — Fc — B}, FcBim + i(Fm + Bl,Fc — FcBin) > 0. (A6)

m

_1
By multiplying F;, * from both the left and the right, we get

_1 _1 _1 _1
I —F,*FcF,* —F, Bl FcBmF, *

=

_1 _1 _1 _

+i(Fy *FimF, * +F, ZBITmFCFQ
_1 _1

—Fy *FcBinF, *) 2 0. (A7)

~ 1 _1
s BImZFQzBImFQZs

=

N _1 _ _
Denote  Fr = FQ ZFCFQ Fin =
1

_1 _1
FQ 2 F]mFQ ?, we can write the inequality as

I — Fc — B \FcBim + i(Fim + Bl ,Fc — FcBim) > 0. (A8)
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Since Fr < FQ, we have Fr <[, thus Fr> FCZ and
Bl FcBim > Bl F2Biy,. We then have

I — Fc — Bl F2Bn + i(Fim + Bl ,Fc — FcBim) > 0. (A9)
Now denote Fr By, as D:
I—Fc—D'D+i(fm+D" —D)>0 (A10)

Since any 2 x 2 principal submatrix of a positive-semidefinite
matrix is also positive semidefinite,

<1 - (]*:c)jj — (D"D);; —(Fq)jk —(D"D)j )
—(Fc)j— (D'D); 1 — (Fo) — (D" D)
n i< ) 0 (Fim) jx + Dij — Djk)
—(Fm)jx — Dij + Dji 0

(Al1)

is then positive semidefinite. Note that F and D D are sym-
metric and the determination of a positive-semidefinite matrix
is non-negative, we thus have

[1 — (Fc)jj — (D" D)1 — (Fo)w — (D" D)ii]

> [(Fe)jx + (DTD) * + [(Fim)jx + Dij — Djxl*, (Al12)
from which we can get

[1— (Fo)j; — — (Fo)w — (D" D)l

> 2\/[1 — (Fe)jj — (DTD)jj1[1 = (Fo)wx — (DTD)ie]

(D'D);;1+ 1

> 2/[(Fe) + (DTD) P + [(Fim)ji + Diy — Dy
> 2|(Fim)jk + Dij — Djil, (A13)
ie.,
1= (Fo)jj + 1 — (Fou
> 2|(Fim)jt + Dij — Djl + (D' D)jj + (D" D). (Al4)

As (D'D);; = Zp . D,fj

D/k, we have

and (DTD)kk = Zp pk

(D'D);; + (D" D).

ZD2+D

2 2
2 Dy; + Dj

1 1
= 5Dy - Dj)* + 7D + D)’ (Al5)

. 11
and from I + iFy, = FQ *FF,*
Thus,

> 0, we have |(Fim)j| < 1

1= (Fo)jj+ 1 — (Fo)u
> 2|(Fm)jk + Dij — Djxl + (D' D)jj + (D" D).
> 2|(Fim)ji + Dij — Dl + L(Dyj — Dp)?

> 11 (Fm) el (A16)

where the last inequality we used the fact that 2|y 4+ x| +
x? > 1y* when |y| < 1 since

2|y+x| + Ex =2ly+x|+ 5(y +x—y)?
=2ly+x|+ 50 +x)7 —yx+y) + 5
> 20y + x| — [y(x +y)| + 3
= Q2= lyDlx+yl + 3
> 5 (A17)

This provides a tradeoff relation between (Fo) j;j and (Fo ).
When Fy,, = 0, the quantum Cramér-Rao bound is saturable,
Fc can reach Fp, in this case Fc =1, (F¢);; and (Fe)ge can
reach the maximal value simultaneously, which is 1. When
(Fim) ik 7 0, (Fo) jj and (Fo)we can not simultaneously reach
1, Eq. (A16) puts a tradeoff between them.

By summing Eq. (A16) over different choice of j, k di-
rectly, we can get

20— 1)) 11 = (Fe)y)
J

1 - 1 -
>3 D 1Fim)il = S 1Fiml

ok, j#k

(A18)

which gives

Tr(Fc) < n — ——— | Finll7, (A19)

1
T 4n—1)

where || Fin||% = Tr(FL Fy,). This can be rewritten as

15" Rk I

Ti[F, 'Cov™' ()] < n I

1
4n—1)

1

=n— —Tr(F,'FLF 'R,

" G =1 "o FinFo fin)
(A20)

The same relation can be obtained by including the number of
copies of the state v explicitly; essentially just replace Fy and
Fim with vFp and vFy,. The tradeoff relation with v copies of
the state is then
1 2
R ;-
(A21)
When the number of the parameters n > 3, the tradeoff can
be tightened by keeping all terms in (D' D);; and (D" D)y in
Eq. (A14) as

lTr[ SCov(®)] < n - ———— |y FinF,

Z [1— (Fo)jj+ 1 — (Fo)ud

Jik,j#k
Z [2|(Fim) jx + Dxj — Dl
Ik, j#k
+(D'D);; + (D" D)l (A22)
where
(D'D);; + (D" D)y = Z (D2, + D2, (A23)

p

which not only includes the correlations between the j, kth
entry, but also with other entries. By summing over all choice
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of j, k, we have

2(n — I)Z[l — (Fo)jjl =
J

Jok, j#k

= Y 2(Fim)jk + Dij —

Jok, j#k

> 20(Fim) + Dij —

Dyl +2n—1)) (D'D);

J

Dyl +2n—1)) D3

Jk

> Y {20(Fim)je + Dij — Djxl + (n = 1)(D + Di;)}

Jok, j#k

Jok, j#k

2n —2) 3
> == Y al?

n—

~ 1 n—1
> {2|(F1m),-k + Dy = Dyl + —5—(D; = D) + —— Dy +D,k>2}

TN ki
2(n—12) -
= — || Fimll}, (A24)
n—1
where in the last inequality we used the fact that
n—1, n—1 )
2y + x|+ X :2|y+x|+T(y+x—y)
n—1 ’ n—1,
=2|y+x|+T(y+x) —(n—l)y(x+y)+Ty
n—1 ) n—1,
> 5 +x +2|y||y+XI—(n—l)ly(X+y)I+Ty
n—1 ) n—1,
ZT(erX) —(n—3)IyIIX+y|+Ty
n—1 n—-3 \* 20-2),
= <|y+XI—n_1|y|> t— 17
2(n—2
> 2= (A25)

n—1

This then gives a tradeoff relation on Ft as

N n—2 - 5
Tr(ke) < n— ———= [1Hmll7-

P (A26)

With v copies of the state, this can be equivalently written

1 B R n—2 -1 -32
;TI[FQICOV 1(x)] <n-— n_—l)ZHFQ “Fmby ZHF'

(
(A27)
The bound can be further improved. From Eq. (A10),

I —Fc—D'D+i(Fy +D" —D) >0, (A28)
we have
I —Fe—D'D > —i(Fjn + DT — D), (A29)
from which we can obtain
Tr(I — Fc — D" D) > ||Fm + D" — DJ;. (A30)

Note that Fi, + D7 — D is skew symmetric with purely
imaginary eigenvalues, and the singular values are just the
amplitude of the eigenvalues as {|A;[, ..., |X,|}. Since

—i(Fm +D" —=D)Y<I—F-—D'D<I, (A3])

[
we have || < 1, thus |A;| > |Aj|2.As

n n
1Fim + D" =Dl =Y 131 =D 12,1
j=1 j=1

= Tr[(FIm +DT - D)T(Flm +DT - D)]

=Y [(Fim + D" — D)l (A32)
Jjk

from Eq. (A30) we then have
Te(I — Fe) > Te(D' D) + || Fim + DT — D

> (D"D)ic+ Y _[(Fim + D" = D)ul?
k jk
=Y Dy + [(Fim)j + Dij — D]

Jjk

1 .
= Z E(Dik +D/%j) + [(Fim) jx + Dij — Dj-k]2
jk

1 .
> 5D = D) + [(Fim)js + Dy = Dl
Jjk
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1 .
P Z g(FIm)?k

jk
Lo~
= g”FIm”F’ (A33)
where in the last inequality we used the fact that
%xz + O +x)? = %xz + 2xy + y*
2
=305 +57
> 1y (A34)
We thus have
Tr(Fe) <n— § |1 Fmll7 (A35)
For v copies of the state, this gives the tradeoff relation
1 1 2
—Tr[Fy'Cov ' (®)] <n— < ||F FImF | o (A36)
v

which is tighter than Eq. (A26) whenn > 5.

APPENDIX B: CONNECTION BETWEEN THE PARTIAL
COMMUTATIVE CONDITION AND THE WEAK
COMMUTATIVE CONDITION

Here we show

i IVPTLy L,

p—>00 p

(BD)

= |Tr(px[Lj, LeD)I.

We write the state in the eigenvalue decomposition as
Pr = D gy hgl W) (¥l with A, > 0and 37" | A, = 1. Then

VPx = Xy gl W) (W,

“ V P’ [Ljp, Liply Pﬁale
‘ /p)‘?PZ L(’) L(r) /

Z P& @ (JBrlLj, Lily/pr) ® p&P~")

r=1

1

. (B2)

1

where L(r) =18V ®L, ®I®P™). The support of
o @ (AL, LIy ® 457 i in
the subspace spanned by {|¥,W¥,,...¥, )}, with
Wy ), oos (W) € {IW1), ..., [Wa) ), where {[W1), ..., W)}
are the eigenvectors of p, with nonzero eigenvalues. We can
focus on the support space and calculate the entries of
vy P 1)®«/:0x[L1,Lk]«/)0x®,0®(p " in the basis of
Wy, Wy, ... W, ) with vy, ..., v, € {l,..., m} and show that
/@y . [ &p
I/ px p[L;vakp” leHl N |T1"(,OX[LI, Lk])|

p

when p — oo,

The entries of v/ p P [L,, Liplly/ pe” are given by

1
f)l v1,| Zp®(r )

®/Px[Lj, Lil/px ® p2077|W,, ... W, )
V4

=) [(\pﬁ,
r=I1

It is easy to see that when the indices {vi,v>...,v,} and
{01, ..., D,} differ at two or more entries, the corresponding
matrix entry equals to 0. When the two indices differ at only
one entry, for example, v, # ¥, but v, = v, for all g # r, the
corresponding matrix entry equals to

CNZA AN ANZATS) § £

ot T 60| @

q#r

qF#r
U, L L v, ) 2
_ < Oy \/E[ Jo k]\/z| v,.) l—[)\ﬁq. (B4)
Ay
r 4[:1
When the indices {vi,vy...,v,} and {T)l,.. T),,} are the
same, we get the diagonal entries of +/ ,ox PIL; ip» Lipl| P as
p
> ((wu,. m[Lj,Lk]mM)]'[mq)
r=1 qFr
P P
=y ((xpv, [Lj,Lk]|wv,)]_[/\vq>
r=1 g=1
p
- (nx )Z W, |[L;, Lel| Wy, )- (B5)
1 r=1

Next, we write /o2 [Ljp, Lipl|v 02" = DS + 09" with
DY as the diagonal part of the matrix and 05" as the off-
diagonal part of the matrix. We then use the inequality

1271, < 10" + 077, < D] + 071, ®6)

to bound ||/ o [L;p, Lipllv 027 |11, where the first inequality
comes from the fact that for any matrix M, [|M||; > Y s Mgl

and for diagonal matrix ||D§,’k)||1 =3, |(D§,]k))qq|, the second
inequality is from the triangle inequality of the trace norm.
The singular values of the diagonal matrix, D(pjk), are
just the absolute value of the diagonal entries, which are
{(T1E_; Aol 220 (W, I[L, Lk]1W,,)|}. These entries can be
interpreted as the absolute value of the summation of p
randomly chosen (¥, |[L;, Ly]|W, ) multiplied with the cor-
responding probabilities, where each term (W, [[L;, Ly]|V,,)
is selected with probability A, . For a given diagonal entry
with a particular choice of p terms | P (W I[Lj, L)Wy, ),

the associated probability is []” )”vr- IIDE,jk)Hl, which

equals to the summation of the zrlb;olute value of all di-
agonal entries, then corresponds to the expected value
of | Y0 (W, |[L;, Ly]|W,,)| with each |, ) selected with
probablhty Ay,. When p — oo, by the law of large num-
S (W, |[Lj, L] Wy, )

bers, >

converges to the expected value of

062442-19



HONGZHEN CHEN, YU CHEN, AND HAIDONG YUAN

PHYSICAL REVIEW A 105, 062442 (2022)

(W, [[L}, Lg]|W,,), i.e., with probability one
re (W |IZ5: L[ W)
p

= E[(¥, |12, L[ W]

= > hg(WylIL;. Lil[W,)
g=1

D AT W) (WylILs. L)

q=1
= Tr(pox[L;, Lc]D). (B7)
Thus, when p — oo,
p
1041 = ] [l e
r=1
— 1 x

P
I{ZX%MMLm%ﬂ

r=1

= p|Tr(ox[L), LD (B8)
For the off-diagonal part, note that for any matrix, we have
IMIle < 320 vk IMjil?, and

~ . p
(W3, | /PelLj, Ll /x| W5, I

A,

< lmax Hg:l )‘«f)qv (B9)

Vg

g=1

0l (W, | /pel Ly L /x| W, )
Aoy

where [ = maxg, £y, |}, we then have

14 14
[ < 20 |22 2 w12,
DIPPO r=1 v,#7, q=1
14
= Z p(m — 1)11%1ax H)L%q
By \ g=1

[
3
|
g
=]
=
i~
&

Dlyenny 0, g=1

p m
=V = Dplaax [T D 25,
qg=1 \9,=1
= /(m — 1)plnax. (B10)
Thus, when p — oo,
D(jk) 0(jk) D(jk)
|| P —; 14 Hl 2 ” pp Hl — |Tr(,0x[Lj,Lk])|,
D(jk) O(jk) D(jk) 0(jk)
Io§ + 0, _ DR+ 100
14 14
(Wl - l)lmax
+ X = B11
N (B11)
ie.,
oty ey < L2 Bl o],
X ] ~X
p
(m - 1)lm X
< Tr(ox[L), LDl + Ta. (B12)

From which it is easy to see that lim,_
®pr7 . ®p ..
I/ ox "[Ljp, Liplla/ px 1 — |Tr(,0x[Ljy Lk])' The condition

P
P I @p
IV o gl el — 0 then reduces to the weak

p
commutative condition Tr(ox[L;, L]) = 0, when p — oo.
101

It can also be seen that

I/ P2 [Ljp, LiplIn/ 027 11y
P

in the order of O(ﬁ). We can thus use ||D§jk)||1 to provide
an alternative tradeoff relation, which is less tight but easier
to compute. Under p-local measurements the tradeoff relation
can be written as

provides a lower bound

on and the difference between them is

lTr[FQ—lcOv—l(;e)] <n-— 1 % 2, (B13)
v dn—D| plp
where
(T = 5104,
1 L L .
=5 (]‘[x) > (W, |IL;. LWy, )|, (B14)
V1,enVp \r=l1 r=1

1 1
where L;j =Y (F, *)jqLq and Ly = 3 (F, * gLy Com-
pared to C,, T, is expressed only with operators on a single
copy of the state. We note that 7}, can be equivalently obtained
by choosing the set of {|u;)} in Eq. (49) as the eigenvectors of
Py, instead of the eigenvectors of \/p;[L;, Lc]\/px.

APPENDIX C: BOUND ON THE TRACE NORM

For completeness, here we include a proof for the in-
equality Y, IM;;| < IMlly < 3, v/ >4 IMjxl?, which is used
£ =0 reduces to the weak com-
mutative condition when p — oo. We first show |M|; <

> & IMj|?. From the singular value decomposition M =

UAV, we have
M|, = Te(A) = Tr(UTMVT) = Te(VIU M) = Te(WM),
(C1)

in the derivation that

where W = VU is a unitary matrix. Note that

WM)j; = JIWM);1> < D 1(WM)ul?
k

= [[(WM);l2
= [WM;]l,
= [IMjl2

= [y 1Myl (C2)
k

where we used (...); to denote the jth column of a matrix
[thus (WM); is the jth column of WM which equals to WM,

W multiples the jth column of M1, and |[v]l> = /D, |vk|? as
the I, norm for a vector. It is then straightforward to see

J

Ml =TeWM) =Y WM); <Y D Mgl (c3)
Jj k
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Next, we show Y ;1M < IM|ly. From the singular value
decomposition M = U AV, we have

M;; = ZUjkAkakjv (C4)
X

thus,
ZIijI = Z ZUjkAkakj

J J k
< ZZ|UjkAkakj|

ik

= ZZAkk|Ujkaj|
ko

e () ()

(C5)

b'Cov,b — b'A,b

APPENDIX D: PROOF OF Cov, > A,

For a mixed state p,, with x = (xy,...,x,), given any
POVM, {M,}, and any |u), we define Cov, as a n X n matrix
with the jkth entry given by

(Covy)jx = Z[J?j(a) — xR (o) — X J{uel o/ ox Mo A/ x 118},

o

(D1)
and A, as a n x n matrix with the jkth entry given by
(Au)jt = (ul /DX X/ rlu)
1
= E(M\/E{ijxk}mm)
1
+15(M|\/;0x[xj,Xk]«/ﬂxlu% (D2)

where X; = ) [%j(a) — x;]M, is locally unbiased.
We then have Cov, > A, since for any vector b=
(bi,....b)T",

= (u| Zb’;bk{Z[fc,-(a) — xj108(e0) = X/ PMan/Px — Y IR/ (B) — x;1/PxMp Y [fi(y) — xiIM, 1/ x {11}
Ji.k a B v

u|Z { > (@) — xj153 (@) — xelbiy/peMa/Px

— Y 1%1(B) — x;1b3/PM (Zm) READ —xk]bkMy]m} Ju)
B o

14

=(ul ) { [Z[fc;(a) —xj1bpr — DY Ii(B) — xj]bijﬁ]Ma[Z[ka) — xlbiy/Px
a J Jj B k

=Y ) — xdbeM, px} } Ju)
kv

= (ul > M ()M M(b)]lu) > 0.

where  M(b) = 3y lxi(e) — xilbiy/ox — 2op 20, [Re(y) —
xk]bkMy\/E.

APPENDIX E: TRADEOFF RELATIONS WITH RLDs
Let

A, B,
Sy = (Bj; Fu> 20, (ED

with (A = (ul/BXXe/Brlu)s  (Bu)jx = (ul J/peX; LK

JPxlu), (B = (uI,/,ofoLfT, /Px|u), where LY is the RLD
corresponding to the parameter x;.

(D3)

If we choose a complete basis {|u;),...,|us)}, and
letS =35, = (5 > 0, where (A) jx = Tr(p.X;Xp),

Bk = Tr(o XL =1, (FRP) e = Tr(p LRLST), we ob-
tain the RLD bound

B
FRLD )

Cov(®) > A > (FRIPY L, (E2)

This can be equivalently written as

ov (%) < FR™P = FHP +iFRY®, (E3)

with FREP and FREP as the real and imaginary parts of FRID,

respectively, F REB _ = J[FRD 4 (FRLP)T s real symmetrlc

FRLD = [F RLD _ (FRLDYTY is real skew symmetric. B
Y y

and
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taking the transpose, we also have [note Cov(%) is symmetric]
Cov™'(®) < (FR"™®)T = FIP — iFRP, (E4)
from which we get
FyiCov ' (®)F, * < Fy *FRPF,* +iF, ' FRPF, .
(ES)
Then for any vector |w), we have

_1 _1 _1 _1
(w|Fy *Cov™ ' (R)F, * [w) < (w|F, *Fre PFy * [w)

m

_1 _1
—|(wlF, > FRPF, * [w)|. (E6)

_1 _1
By choosing |w) as all the eigenvectors of Fy, > FR-PF "2 and
making a summation, we obtain the tradeoff relation from the
standard RLD as

Te[Fy ' Cov™' ()] < Te[Fy ' FR°] - ||, P FRPE, 2.
(E7)

When there are v copies of the state, this gives

Cilrg Cov )] < Ty FRP] - |y REPE,

(E8)
The bound can be improved by taking transposes on
any S,. We choose a complete basis {|u;), ..., |ug)} as the

orthonormal eigenvectors of ./, (LfL]’fT — L,’foT), /Dx. As
mentioned in the main text, for any |u,), 2 (| /,ox(LfL,’fT -
LkRLfT)‘ /Px|ug), which is the imaginary part of () is a real
number, which we denote as tjqk. We then define

_ Su, when
Sy, = T

q
14 >0,

(E9)
t?k < 0.

J

when

((Fg‘ew)jj — Cov™'(®);; — (D"D)j;

—Cov™' (@), — (D" D)

From the positiveness of the determinant, we have

from which we can get

By summing §,, we get

(E10)

. . A B
§=%5, = (ET FRLD),
q

where B = I + iByy, FR*P =Y . F,, with F, equals to either
F,, or FMS so that the imaginary part of (Fuq )jk is always

FRLD

positive. The imaginary part of the jkth entry of is then

given by

(Fim)je = 3| VoL = L{LT) /e (E11)

1’

and the real part of FRP remains the same as Fi-P.
_ By the Schur’s complement we then have
BYCov~!(%)B > 0, which can be equivalently written as

FRLD _

F]%(eLD + iFIlr?nLD
— [Cov™'(®) + B,,Cov ™' (%)Bin

+i(B},,Cov™' () — Cov™'(#)Bim)] > 0.  (E12)

We first assume Fp =1, in this case Cov '(}) < Fp =1.
Then by following the same procedure as previous, we denote
Cov~! (X)Bim as D and get

Fre® = Cov™'(®) = D'D + i(Fy® + D" — D) > 0. (E13)

By taking a 2 x 2 principal submatrix we have

—Cov™'(®)jx — (D" D)k )
(FRP),, — Cov™' )k — (DT D)

ie.,

. 0 (Am™®) j + Dij — D
+l(—(Fl‘§1LD)jk — Dyj + Dy "o ) > 0. (1D
[(Fre™®) j; = CovT (@5 = (DT D)j5][(Fre™) . = Cov™ (Duse — (D D]
> [Cov™! ()i + (DT D) + [(FRP) , + Dij — D]’ (E15)
[(FReP);; — Cov™'(®)j; — (D'D)jj ] + [(Fe®) e — Cov™! (o — (DT D]
> 2,/[(RE) ;= Cov (), = (D7), J[(FEP) = Cov™ G — (DT D]
> 2,/1Cov™ @) + (DT D)l + [(ARLP) , + Dy — Dy’

> 2|(Fn ")  + D — Dl (E16)
- Cov ' @) + (Fe®) e — Cov ' (B > 2|(FI‘;LD)].k + Dyj — Djx| + (D" D);; + (D" D). (E17)

(Fee™),
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Again as  (D'D)j; —Zp o D,%j and (DTD) =
>, D>, = D3, we have
(D"D);; + (DTD)kk
Z (D2, +D%) > Di; + D3,

=5<Dk,~—D,-k)2+%(Dk,+D,-k>2. (E18)
Thus,

(F“LD)].. — Cov™'(®);; +

> 2|(Fim™®) j + Dij —

> 2|(F®) , + Dy, —

(F®) . — Cov™ (e
Dj|+ (D' D);; + (D" D).
Dy + %(ij — Dj)?
> min { 3| (Fj)jel*. 2} (E19)
where in the last inequality we used the fact that when |y| < 2
2ly + x| + 32 > 1y* since
2y + x|+ %xz

=2y +x|+ 30 +x—y)

=2ly+x[+ 30 +x)° —yx+y) + 3

> 2y 4 x| — [y + )| + 57

=Q2—yDlx+yl + 1

> 3y%, (E20)
while when |y| > 2, 2|y + x| + 3x* > 2 since
20y + x| + 3x° = 2(y| — |x]) + 3x°
= 3(x| = 2> =2+ 2]y|
=2yl -2
=2 (E21)
From which we can get
(Fre®);; — CovT' (@) + (Fre ™)
—Cov™' (#)gx > min {4 |FIRLD) 1,2}, (B22)

By repeating the procedure for different choices of j, k and
making a summation, we then get the tradeoff relation, under
the parametrization that Fp = I, as

Tr[Cov™' (®)] < Tr[Fa ] — (nl_ 1)”01 (E23)

with (CFP) = min{3 || /ox(LELE — LELT) /pxl. 2).

If we repeat the 1-local measurement on v copies of the
state, the tradeoff relation under the 1-local measurement,
with the parametrization that Fp = I, is then

1
4n—1
When Fy # [ initially, we can first make a reparametrization

_1
FQ > x. The tradeoff relation in Eq. (E24) can then be

lTr[Cov_l @] < Tr[FRP] — —— | cRP|2.  (E24)

with X =

expressed in the original parametrization as

1
—Tr[ 1Cov(x) ]
_ 1 2
ST R - [ ORRE E29)
4(n
with the entries of CRP given by
RLD . 1 7R R 7R 7 RY
(e )jk = min {EHVPX(Lij - LiL; )v/xy 2},
(E26)
PR ~1y IR PR -1y IR
where L = Zq(FQ *)igly and LY = .Z‘I.(FQ PkgLy
For p-local measurements, we can similarly get
1 CRLD 2
—Tr[ ~1Cov™ l()c)] < Tr[ lFRLD] I ,
4(n -1
(E27)
ﬁVhegre} (C3P)je = min{zllv/ o (L, Ly — LE LIV pif
1, 2P;s-

APPENDIX F: EXAMPLE 2

Here we provided more detailed calculations for exam-
ple 2. For mixed states p, = %I + ijjGj with G; = %Aj,
where {A;}3_, are the Gell-Mann matrices,

01 0 0 —i 0
A1= 1 0 0 N A2= l O 0 )

0 0 0 0 0 0

1 0 0 0 0 1
Aas=]o =1 o], as=[0 o o},

0 0 0 1 0 0

0 0 —i 0 0 0
As=]o 0o o). ac=[o o 1],

i 0 0 0 1 0

00 0 L1 0 0
Ar=]0 0 —i|. Aaq=—0 1 o] @&

0 i 0 V3lo 0 -2

If the parameters x; are all close to 0, the SLDs and RLDs are
all given by L; = 3G;. Thus, the tradeoff relations from the
SLDs and RLDs will be the same. The QFI matrix is given
asFp = FRP =3[ thusL; = \/ng = V/6G ;. The entries of
C) are given by

Cjx = 5IVolLj, L/pilli = Gy, Gl (F2)
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(a) definition:

Qij
az]_)\ %% aij+)\
(b) eigenvalues:
0
-2 0 A
=2X =X 0 X 2A

=3A =2Xx =X 0 X 2X 3\

(c) multiplicity:
1
1 1
1 2 3 2 1
1 3 6 7 6 3 1

FIG. 5. Eigenvalues and multiplicities of > 7_, [G;'), Gl

from which the matrix form of C; can be computed as

1 1 1 1
o 1 1 4 1+ I 1 o0
1 1 1 1
1 1 1 1
1 1 1 1 1 V3
L1 1 9 1 1 1 V3
2 2 2 2 2 2
G=l: 1+ 1 1 o 1 1 s @)
2 2 2 2 2 2
1 1 1 1 1 V3
3 3 2 a2 232 O 1 %
1 1 1 1 1 V3
3 3 3 3 232 1 0 %
Vi B B
0 0 0 ¥ £ £ L 9
Thus, we have
lTr[F—lcOv(fc)—‘]
» o)
< L e
<n— ———
dn— 1) HF
8 ! 2(5x1+4 3 +16 !
= — — X X X — X —
28 4 4
50

For p-local measurements on p,, the entries of C,, are given
by

1 . - 1
(Cpje = Eu\/p)?P[L,,-p,Lk,,]\/p;@’”ul = =71, Gepllh-

(F5)
For all j, k, the eigenvalues of [G;, Gi] are {—A, 0, A}, where
A= % or % or \/T? Suppose that the eigenvectors correspond-

ing to eigenvalues {—A, 0, A} can be written as {|®;) };e(-1,0,1}-
The eigenvectors of [Gj,, Gipl = ‘le[G(A’), G,(:)] are then
given by ®”_ |®,) with the corresponding eigenvalues
Zle I, where [, € {—A, 0, A}. The recursive relation to ob-
tain the eigenvalues is depicted in Fig. 5(a), where in Fig. 5(b)
a few possible values of ) 7 | I, have been listed [note that
the (p + 1)th row in Fig. 5(b) corresponds to all possible
values of »"7_, ,]. The multiplicity of each eigenvalue can
be obtained as Fig. 5(c), which is just the trinomial triangle
that corresponds to the coefficients of (1 4+ x + x?)”. Hence,
the eigenvalues of [G},, Gyl = le[Gy), G,((’)] are As with

multiplicity (), for s=—p,—p+1,..., p, where (§), =

fzo(— D2 ,fﬂ} 2 ;) is the trinomial coefficient.
Denote N, = 37 s(?),, we then have
1

N,
311G Giplll = (Cl)jk3p__pl- (F6)

Cpjx =
The Frobenius norm of C,, is then given by

1 2
Y= 1> (<c1 )ik 3,,—_1N,,>

Jjk Jjk

1 1
= FN[) Zk((cl k) = FNp||C1 lr. (F7)
\

Using the tradeoff relations for p-local measurements, we
have

ICpllF

l —1 ay—1
1)Tr[FQ Cov(x) ]

2

1 ‘c,,
<n——— |2
4n—-D| p lp
1 1 2
=n— —— G ——N,
6/ 1 2
_5- 7<p—3p_lj\/,,> . (F8)

Specifically, for 2-local measurements,

l —1 a1
l)Tr[FQ Cov(x) ]

1 |G)?
<n— ——|| =
dn-=1)| 2 |f
6 1 16 160
=8—=-XxXx-xXx—=—~17.62, (F9)
7 4 9 21
and for 3-local measurements,
1
—Tr[F;'Cov(®)™!
5 r[ 0 ov(X) ]
1 G|
4n—=1)| 3 |
6 1 25 1462
=8 —=-xXx-xXx—=—~1774 (F10)
7 9 9 189
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If we choose the basis {|u),} as computational basis |u)g = which further gives ||C) |r = v/6, | Fim|lr = 2. Then, we have
[0), lu)y = [1), |u)2 = |2), the matrices F,, are given as | |
~Tr[F,'Cov(®) '] < n— ———|ICy I3
I i 0 0 0 0 0 0 JTilFg Cov® ] <= oIl
-1 0 0 0 0 0 O 17
00 1 0 000 ¥ =4-5=5=35 (15
1o o o 1 i 0 0 O 1 n—2)
Fu=310 0o o =i 1 0 0 o] ;Tr[FQ“Cov()%)“] <n— mIIFImII%
O 0 0 0O O O O O
00 0 0 000 0 4B s @ie)
00 % 0 00 0 1 9 9
. For p-local measurements, by following the same deriva-
bo—i 000000 tion as the previ hav
P 0 00 0 0 0 on as the previous case, we have
V3 1
0 0 1 0 0 0 0 -3 _Tr[FQ—lCOV()fe)—l]
Fo_ 11o o 0 0 0 0 O 0 (F11) v
mTaol0 0 0 0O 0 0 O 0 1 C. |2
00 0 00 1 i 0 Sn——p H—p
00 0 00 — 1 0 (n=D] Pl
o0 -¥ 00 0 0o ! 1 N 2
=n——— I3 =N,
o 0o o0 0 0O 0 O 4n—1) p3P
0o 0 0o 0 0 0 0 o0 1 1 2
0O 0 0o 0o 00 0 O =4——<—,/\/) ) (F17)
. 2 3p—17"F
Fo_ 1fo o0 0 1 - 0 0 O p
“ 210 0 0 ¢« 1 0 0 OF Specifically, for p = 2 we have
0o o0 o0 0 0 1 —i O |
0000 0 i 1 0 —Tr[F, 'Cov(%)™"]
0000 0 0 0 3% v
1 G|
0 1.0 0 0 0 0 0 _ H_H
-1 0 0 0 0 0 0 O A4n—DI 2 lF
0O 0 0 O O 0 0 O 1 1 16 34
- 0O 00 0 1 0 0 O =4—§xzx3=3~3.78, (F18)
Fin = (F12)
0O 0 0 -1 0 0 0 O df _3
0 00 0 0 0 0 0 anclorp=>,
0O 0 0 O O 0 0 O 1 4 ]
0 00 0 00 00 T Fy 'Cov(®)™']
Let F = T T hic o 1 Cs 2
etF = F, +F, +F,, this gives a bound as <n———|=
4n—=1)| 3 |F
1 _ - 1 1 25 623
~Ti[Fy ' Cov(2)™ =4 - x-xZ2 =22 x~38. (FI9
¥ [ 0 ] > X 9 X 9 162 .85. (F19)
<n-— Lz)zn 1r31m||12p If we choose the basis {|u,)} as the computational basis
(n—1) lup) = 100), [ur) = [01), |uz) = 102), |uz) = [10), ..., lug) =
6 |22), the imaginary parts of the matrices F, are given as
=8—Ex4%7.51. (F13) !
0 1+ 0 0
If we only estimate {x{, X2, X4, X5}, the associated matrices Foo_ —% 0O 0 O
are given by the 4 x 4 submatrices of the original ones, tolm 0o 0 O % ’
o 0 0 -1 0
0 1z 3 0 -1 00
Lo 3 3 L0 0 0
Cl = 1 1 ’ F 1 = 3
5 2 01 talm 0O 0 0 oFf
11
oo 0O 0 0 0
0O 1 0 0 0O 0 0 O
_ -1 0 0 0 _ 0 0 O 0
Fim - O O O 1 ) (F14) Elslm - O 0 0 _% ’
0 0 -1 0 0 0 1 O
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00 0 0
1jo o 0o o0
qum = lzIm = 3 0 0 0 11
3
00 -1 0
0 3 0 0
If-1 0 o0 o
= = -_ 3
Fuzlm El(,lm 2 0 0 O O ’
0 0 0 0
0 —3 0 0
IfL o o o
Fu5Im = I'y;Im = E 8 0 0 _% (on)
0 0 3 0

The optimal Fi is then given by Fimp = Fym + Fuzlm +
Fu];]m + (E{llm + Fuglm) + (Fuzlm + Fuélm) + (E¢5Im + lem)T,

ie.,

0 %2 0 0
. -2 0 0 0
— 3
=10 0o o a (F21)
4
0 0 -3 0
which gives a tighter bound as
1
—Tr[F; 'Cov(®)™!
. r[F, 'Cov(3)™]
(n—2) || Finz |
= n—12 2 ||,
2 1 16 32
=4—-"x-x4x —=4—"~3.60. (F22)
9" 4 9 81

If we only estimate {x;, x», x5}, the associated matrices are
given by the 3 x 3 submatrices of the original ones,

o 1 1 0 1 0
CGi=|1 0 1|, Au=|-1 0 0], (F23)
11 0 0 0

which further gives ||Ci|r = V3, |FmllF = +/2. Then, we
have the tradeoff relations

lTr[F—‘Ctov(fc)—‘] <n— ———IGiliz
p o Le ST o4m-1 0 F
3 21
=3—--=—=2.625 (F24)
8 8
1 _ o n—-2) -
;Tr[FQ ICov(3) 1] <n-— m”ﬁm”%‘
1 5
=3—-——=_-=25. (F25)
2 2
For p-local measurements, we have
1 1 C,|*
—Tr[Fy'Cov(®) ' <n— ——— | =%
v dn—=1D| p |lp

= : IC 113 Ly 2
T T d =) T et

(F26)

Specifically, for p = 2,

1 -1 a1
;Tr[FQ Cov(X) ]

1 G |?
<n————\—=
4n—1)| 2 |,
3 1 16 17
=3—-——-X-X—=— X283, F27
847 9 "% F27)
and for p = 3,
1
—Tr[F;'Cov(z)™!
vr[Q ov(X) ]
1 G |?
<Sn————\—=
4n—1| 3 |,
3 3 1 25 623 ) 28 (F28)
=3-——-X=-XxX—=—~2388.
8 9 9 216

For 2-local measurements, if we choose the basis {|u,)} as
the computational basis |up) = |00), |u;) = |01), |uz) = |02),
lus) = [10), ..., lug) = |22), the imaginary parts of the matri-
ces F,, are given as

0 1 0
1
FugIm = _3 O 0 )
0O 0 O
0 —3 O
E44Im - % 0 0 ’
0 0 O
Fullm = Fuglm = Fuglm = 07
1
(0 50
Fuzlm:FuélmZE -3 0 0 s
0 0 O
1
10 =5 0
Fu5Im = LFy;Im = E 3 0 0 (F29)
o 0 O

The optimal Fj,, is then given by Fimy = Fiym +E474-Im +
(Fuzlm + Fu(,Im) + (Fuslm + Fuﬂm)T’ i.e.,

0 % 0
Ap=|-% 0 0], (F30)
0 0 0
which gives
1
—Tr[F; 'Cov(%)™!
vr[Q ov(®)™']
(1 =2) |z |
Sn———
n—12] 2 |,
SPRLIVEIVP IV 32278(F31)
=3—-—=-X-=-X2X —=—=3-=-=128.
47 4 9 9

This is tighter than the bound given by C;.
If we only estimate {xi, x,}, the associated matrices are
given by the 2 x 2 submatrices of the original ones,

0 1
)

(F32)
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FIG. 6. Upper bound on I',, and the QCRB and Holevo bounds with the number of parameters equal to 8, 4, 3, 2, respectively.

which further gives |C||r = /2. Then, we have the tradeoff
relation

1 ~1 -1
;Tr[FQ Cov(x) ]

< ck=2-L=2 @
n——— =2— ===
ST 4= 272
For p-local measurements, we have
lTr[F”Cov(x)'l]
v 0
1 G, |?
ol
4n—1)| p F
1 1 2
=n——— O ——N
n 4(n_l)lllllp<p3p_, p)
IR N F34
=272 ) =9

Specifically, for p = 2,

1 —1 ay—1
;qub Cov(®)™']

1 G |
Sn———\—=
dn—1D| 2|,
2 L L 1e_16 1.78 (F35)
=2—=—X-X —=—~1.
2 4 9 9 ’
and for p = 3,
1
—Tr[F;'Cov(®)~!
. r[F, 'Cov(3)™]
1 G|?
<n— ——||+
4n—1)| 3 |,
1 1 25 299
=2 - x-x = =""~185  (F36)
2 9 9 162

We plot the bound with different p in Fig. 6. It can be seen that
the Holevo bound, which equals to the QCRB since the weak
commutative condition holds in this case, is only achievable
when p — oo.
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