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How well can multiple incompatible observables be implemented by a single measurement? This is a
fundamental problem in quantummechanics with wide implications for the performance optimization
of numerous tasks in quantum information science. While existing studies have been mostly focusing
on the approximation of two observables with a single measurement, in practice multiple observables
are often encountered, for which the errors of the approximations are little understood. Here we
provide a framework to study the implementation of an arbitrary finite number of observables with a
single measurement. Our methodology yields novel analytical bounds on the errors of these
implementations, significantly advancing our understanding of this fundamental problem.
Additionally, we introduce a more stringent bound utilizing semi-definite programming that, in the
context of two observables, generates an analytical bound tighter than previously known bounds. The
derivedboundshavedirect applications in assessing the trade-off between the precision of estimating
multiple parameters in quantummetrology, an area with crucial theoretical and practical implications.
To validate the validity of our findings, we conducted experimental verification using a
superconducting quantum processor. This experimental validation not only confirms the theoretical
results but also effectively bridges the gap between the derived bounds and empirical data obtained
from real-world experiments. Our work paves the way for optimizing various tasks in quantum
information science that involve multiple noncommutative observables.

Oneof thedistinctive featuresofquantummechanics is itsnoncommutativity,
setting it apart from classical physics. This noncommutativity is prominently
manifested in the properties of observables, leading to phenomena that defy
classical expectations. When multiple observables commute with each other,
their simultaneousmeasurement is feasible through projectivemeasurements
on their shared eigenspaces. However, for noncommuting observables, exact
simultaneous measurement becomes unattainable, necessitating approxima-
tion. A central issue in understanding and harnessing the full potential of
quantum systems is then determining the degree to which a single mea-
surement can accurately capture multiple non-commuting observables.
Intuitively, measuring multiple noncommuting observables comes with an
inherent tradeoff. As we strive to estimate one observable with higher accu-
racy, the imprecision in determining other incompatible observables tends to
increase. This tradeoff is deeply rooted in the uncertainty principle1, which
stands as a fundamental principle in quantum mechanics.

The standard Robertson-Schrödinger uncertainty relation2,3,
ðΔX1Þ2ðΔX2Þ2 ≥ 1

4 jTrðρ½X1;X2�Þj2 with ðΔX1=2Þ2 ¼ hX2
1=2i � hX1=2i2,

describes the impossibility of preparing quantum states with sharp dis-
tributions for non-commuting observables simultaneously, which is also
referred to as the preparation uncertainty relation. The uncertainty relations
that describe the approximation of non-commuting observables via a single
measurement are called measurement uncertainty relations4–18. In the field
of measurement uncertainty relations, there are two main approaches: the
state-independent approach17–22, which establish error bounds for mea-
surement devices regardless of the input state; and state-dependent
relations4–15, which assess the trade-off between errors in joint measure-
ments on a predetermined quantum state. In this article, we focus on state-
dependent measurement uncertainty relations as they are particularly
relevant to multi-parameter quantum estimation where the state is often
constrained.
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Current research in state-dependent measurement uncertainty rela-
tions predominantly concentrate on the error-tradeoff relations for
approximating pairs of observables6–15, yet practical applications typically
require dealing with multiple observables. Fields such as vector
magnetometry23,24, reference frame alignment25 and quantum imaging26,27

all require a nuanced understanding and manipulation of three or more
observables simultaneously. The inherent uncertainty therein cannot be
fully understood or quantified through the lens of pairwise uncertainty
relations. This gap highlights a critical need for expanding the framework to
encompassmultiple observables,which is of both fundamental andpractical
importance. However, similar to numerous challenges in quantum infor-
mation science, akin to the complex quantification of multipartite
entanglement28, extending results from two-party scenarios tomulti-partite
ones often necessitates novel methodologies.

In this article, we present dual methods capable of yielding error-
tradeoff relations for approximating an arbitrary number of observables. The
first approach delivers analytical tradeoff relations for any number of
observables, while the secondmethod offersmore stringent bounds through
semidefinite programming. Bymerging these strategies, we are able to derive
analytical tradeoff relations that are even tighter than any existing trade-off
relations for two observables. Subsequently, we apply these approaches to
quantum metrology, deriving tighter tradeoff relations for estimating an
arbitrary number of parameters—a topic central to contemporary quantum
estimation research. Furthermore, we empirically validate our findings
through experimentation conducted on a superconducting quantum pro-
cessor. Our results provide significant insights into the interplay among
multiple observables involved invariousquantum information tasks, notably
in the calibration of performance for multiparameter quantum metrology.

Results
Analytical error-tradeoff relation
We commence by deriving an analytical measurement uncertainty relation
for a general set of n observables. The objective is to use a single Positive
Operator-Valued Measurement (POVM), denoted M ¼ fMmg, to
approximate the given n observables X1, X2, …, Xn when applied to a
quantum state ρ and to determine relations that set limits on the minimum
cumulative weighted approximation error.

According to Neumark’s dilation theorem29, the POVM,
M ¼ fMm ¼ Ky

mKmg, is equivalent to a projective measurement on ρ⊗ σ

in an extended Hilbert space HS �HA, here σ ¼ ∣ξ0
�
ξ0
�

∣ is an ancillary

state such that ðI � ξ0
�

∣ÞUyðI � ∣ξm
�
ξm
�

∣ÞUðI � ∣ξ0
�Þ ¼ Mm, where

f∣ξm
�g is an orthonormal basis for the ancillary system, U is a unitary

operator on the extended space such that for any
∣ψ
�
;U ∣ψ

�� ∣ξ0
� ¼PmKm∣ψ

�
∣ξm
�
. Denote Vm ¼ UyðI � ∣ξm

�
ξm
�

∣ÞU ,

we then have Tr½ðρ� ∣ξ0
�
ξ0
�

∣ÞVm� ¼ TrðρMmÞ. From the measurement,
we can construct a set of commuting observables, {Fj =∑mfj(m)Vm∣1≤j≤n},
to approximate {Xj⊗ I} in the extendedHilbert space (see Fig. 1). Themean

squared error of the approximation on the state is given by6,7,12

ϵ2j ¼ Tr ðFj � Xj � IÞ2 ρ� σ
� �h i

: ð1Þ

In the case of two observables, Ozawa obtained an error-tradeoff
relation as6,7

ϵ1 � ϵ2 þ ϵ1 � ΔX2 þ ΔX1 � ϵ2 ≥ c12; ð2Þ

hereΔX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hX2i � hXi2

p
is the standarddeviation of an observable on the

state with h � i ¼ Trðρ � Þ; c12 ¼ 1
2 Trðρ½X1;X2�Þ. Branciard strengthened

this relation as12,13

ϵ21 � ðΔX2Þ2 þ ðΔX1Þ2 � ϵ22
þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔX1Þ2 � ðΔX2Þ2 � c212

q
ϵ1 � ϵ2 ≥ c212;

ð3Þ

which is tight for pure states. For mixed states, Ozawa further tightened the
relation by replacing c12 with 1

2 k
ffiffiffi
ρ

p ½X1;X2�
ffiffiffi
ρ

p k115. However, it is worth
noting that even with this improvement, for mixed states the bound is not
tight, and the geometricalmethod employed to derive these relations are not
readily extendable to scenarios involving more than two observables. For
general n observables, the error-tradeoff relation is little understood.

We now present an approach that can lead to analytical tradeoff
relations for an arbitrary number of observables. Let

Au ¼

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
E1

..

.

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
En

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p ðX1 � IÞ
..
.

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p ðXn � IÞ

0
BBBBBBBBBB@

1
CCCCCCCCCCA

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
E1

..

.

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
En

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p ðX1 � IÞ
..
.

uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p ðXn � IÞ

0
BBBBBBBBBB@

1
CCCCCCCCCCA

y

¼ Qu Ru

Ry
u Su

� �
≥ 0;

ð4Þ

hereEj= Fj−Xj⊗ I is the error operator, ∣ui is any vector,Qu,Ru, Su are n×
n matrices with the entries given by (note Ej and Xj are all Hermitian
operators)

ðQuÞjk ¼ uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
EjEk

ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
∣ui;

ðRuÞjk ¼ uh ∣
ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
EjðXk � IÞ ffiffiffiffiffiffiffiffiffiffiffi

ρ� σ
p

∣ui;
ðSuÞjk ¼ uh ∣

ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p ðXj � IÞðXk � IÞ ffiffiffiffiffiffiffiffiffiffiffi
ρ� σ

p
∣ui:

ð5Þ

Fig. 1 | Simultaneous measurement of multiple
observables {X1, X2,…, Xn} via a single measure-
ment.As illustrated in a, a PositiveOperator-Valued
Measure (POVM) applied to ρ effectively acts as a
projective measurement {Vm} on the extended state
ρ� ∣ξ0

�
ξ0
�

∣. This setup enables the construction of
a set of commuting observables {F1, F2, …, Fn}, as
depicted in b, designed to approximate the indivi-
dual measurements of each observable in the set {X1,
X2, …, Xn}.
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We can write these matrices in terms of the real and imaginary parts
as Qu ¼ Qu;Re þ iQu;Im;Ru ¼ Ru;Re þ iRu;Im; Su ¼ Su;Re þ iSu;Im.

Given any set of states f∣uqig such that
P

q∣uqihuq∣ ¼ I, we can derive
a corresponding set of matrices fAuq

g. We then construct a matrix ~A as the
sum of these matrices with each ~Auq

being eitherAuq
or its transpose,AT

uq
.

Since bothAuq
andAT

uq
are positive semi-definite, it follows that:

~A ¼
X
q

~Auq
¼

~Q ~R

~R
y ~S

 !
≥ 0; ð6Þ

where the components are defined as ~Q ¼Pq
~Quq

; ~R ¼Pq
~Ruq

, and

~S ¼Pq
~Suq , with every ð~Quq

; ~Ruq
;~Suq Þ being either ðQuq

;Ruq
; Suq Þ or their

complex conjugate ð�Quq
; �Ruq

;�Suq Þ, here �M ¼ MRe � iMIm and for Hermi-

tian matrix �M ¼ MT . It’s important to highlight that the real parts of the

matrix elements in ~A are unaffected by the choice between Auq
and its

transpose. Consequently, the real parts of ~Q and ~S remain constant and are
determined solely by the original components without regard towhether they
were chosen as Quq

or �Quq
(and correspondingly for Suq ), with their specific

values given by

ð~QReÞjk ¼
P
q
ð~Quq ;Re

Þ
jk
¼ 1

2 Tr ðρ� σÞfEj; Ekg
h i

;

ð~SReÞjk ¼
P
q
ð~Suq;ReÞjk ¼

1
2 TrðρfXj;XkgÞ:

ð7Þ

Specifically, the diagonal elements of ~Q and ~S are given as ð~QÞjj ¼ ϵ2j and
ð~SÞjj ¼ TrðρX2

j Þ, respectively.
From Eq. (6), we can derive an analytical error-tradeoff relation for

approximating n observables (see Section S1 of the SupplementaryMaterial
for a detailed derivation):

Tr S�1
Re QRe

� �
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k S

�1
2

Re
~SImS

�1
2

RekF þ 1

q
� 1

� �2

; ð8Þ

where k �kF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

j;kjð�Þjkj2
q

represents the Frobenius norm. In this

inequality, the term QRe is the sole quantity dependent on the measure-
ment strategy and its diagonal entries correspond to the mean-square
errors of the approximation. Both SRe and ~SIm are independent of the
specific measurement process; instead, they are entirely determined by
the inherent properties of the observables when applied to the given
quantum state.

The inequality in Eq. (8) establishes a fundamental limit on the
minimum achievable errors for any POVM that approximates the given set
of observables on a quantum state. It provides a bound that holds true for
any choiceof orthonormal basis ∣uqi, and the tightest boundcanbeobtained
by optimizing over all possible ∣uqi.

In the case of pure states, the selection of a specific ∣uqi is not necessary.
The derived analytical bound guarantees to be tighter than simply summing
up Branciard’s bounds for two observables pairwisely when the total
number of observables exceeds four. The comparison is detailed in Section
S7 of the Supplementary Material.

It is also important to recognize that Eq. (6) inherently implies ~S≥ 0,
which constitutes a refined version of Robertson’s preparation uncer-
tainty relation that solely reflects the observables’ properties on the state
without considering any measurements. The conventional Robertson’s
preparation uncertainty can be viewed as a specific instance of this
refinement by consistently setting ~Suq ¼ Suq . This refined formulation
thus also paves the way for tighter preparation uncertainty bounds with
independent significance.

Error-tradeoff relation via semidefinite programming
We proceed to introduce a secondary approach that yields even tighter
tradeoff relations. This method bypasses the need for selecting specific
f∣uqig and can be formulated as semi-definite programming (SDP),
enabling efficient computation through readily available algorithms such as
CVX30,31 and YALMIP32.

Again for any POVM, {Mm} ∈ HS, it can be realized as projective
measurement, {Vm} ∈ HS ⊗ HA, with ðI � ξ0

�
∣ÞVmðI � ∣ξ0

�Þ ¼ Mm. We
can then construct {Fj=∑mfj(m)Vm} to approximate {Xj⊗ IA}. LetQbe ann
× n Hermitian matrix, with its jkth element given as

Qjk ¼ Tr ðρ� σÞðFj � Xj � IÞðFk � Xk � IÞ
h i

¼ Tr ρ
P
m
f jðmÞMmf kðmÞ

	 

� Tr ρRjXk

� �
�Tr ρXjRk

� �
þ Tr ρXjXk

� �
;

ð9Þ

hereRj ¼ ðI � ξ0
�

∣ÞFjðI � ∣ξ0
�Þ ¼Pmf jðmÞMm is aHermitianmatrix in

HS. We let S be a n × n block operator whose jk-th block is
Sjk ¼

P
mf jðmÞMmf kðmÞ, which is itself a Hermitian matrix, and let

R ¼ R1 R2 � � � Rn

� �y
;X ¼ X1 X2 � � � Xn

� �y
.S andR both

depend on the measurement with Sjk ¼ Sy
jk ¼ Skj;Rj ¼ Ry

j . We have
S≥RRy (see Section S2 of the Supplementary Material). Q can then be
rewritten as Q ¼ TrS ðIn � ρÞðS�RXy �XRy þXXyÞ �

and the
weighted mean squared error can be written as

E ¼ TrðWQÞ ¼ Tr ðW � ρÞðS�RXy �XRy þXXyÞ �
; ð10Þ

whereW ≥ 0 is a weighted matrix, which typically takes a diagonal form as
W = diag{w1,⋯, wn}, but can also take other forms.

Now assume fR?
j gnj¼1

andS? are the optimal operators that lead to the
minimal error, we then have

E ≥Tr ðW � ρÞðS? �R?Xy �XR?y þXXyÞ �
≥ min

S;fRjgnj¼1

Tr ðW � ρÞðS�RXy �XRy þXXyÞ ��
jS≥RRy;Sjk ¼ Skj ¼ Sy

jk;Rj ¼ Ry
j

o
:

ð11Þ

The minimization can be formulated as a semi-definite programming with

E0 ¼ min
S;fRjgnj¼1

Tr ðW � ρÞðS�RXy �XRy þXXyÞ �
subject to Sjk ¼ Skj ¼ Sy

jk; 8j; k
Rj ¼ Ry

j ; 8j
I Ry

R S

 !
≥ 0:

ð12Þ

The derived lower bound, E ≥ E0, offers a tighter constraint than the analy-
tical bounds from the previous section for any selection of f∣uqig (refer to
Section S3 of the Supplementary Material). Furthermore, an explicit con-
structiondetailing the optimal approximation strategy that attains this bound
for pure states is provided in Section S4of the SupplementaryMaterial, which
demonstrates the tightness of the bound for any number of observableswhen
applied to pure states. For mixed states, however, the bound is in general not
tight (see Section S4 of the Supplementary Material for an example).

Tighter analytical relation for two observables
By leveraging the SDP bound provided in Eq. (12) and employing a
judicious selection of ∣uqi analogs to the analytical bound in Eq. (8), we
can derive analytical bounds on mixed states for two observables that are
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tighter than the Ozawa’s relation15, the tightest analytical bound
previously known.

We first show that (see Section S5 of the Supplementary Material for
details) when ρ ¼ ∣ψihψ∣ is a pure state andW = diag{w1,w2}, Eq. (12) can
be analytically solved as

w1ϵ
2
1 þ w2ϵ

2
2 ≥

1
2

α�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 � β2

q� �
; ð13Þ

where

α ¼ w1ðΔX1Þ2 þ w2ðΔX2Þ2;
β ¼ i

ffiffiffiffiffiffiffiffiffiffiffi
w1w2

p
ψ
�

∣½X1;X2�∣ψ
�
:

ð14Þ

Since the SDP bound is tight for pure state, this analytical bound is also tight
for pure states. We now use it to obtain tighter analytical bounds for two
observables on mixed states. For a mixed state, ρ, we can choose any f∣uqig
with

P
q∣uqihuq∣ ¼ I and write

ρ ¼
X
q

ffiffiffi
ρ

p ∣uqihuq∣
ffiffiffi
ρ

p ¼
X
q

λq∣ϕqihϕq∣; ð15Þ

here λq ¼ huq∣ρ∣uqi; ∣ϕqi ¼
ffiffi
ρ

p ∣uqiffiffiffiffiffiffiffiffiffiffiffiffiffi
huq∣ρ∣uqi

p : For each ∣ϕqi we can get a corre-

sponding lower bound E∣ϕqi by substituting ∣ϕqihϕq∣ in Eq. (12), and solve it
analytically to get E ∣ϕqi ¼ 1

2 αq �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2q � β2q

q� �
, whereαq andβq are obtained from

Eq. (14) by substituting ∣ψi with ∣ϕqi. Since for any function that satisfies

f(∑qλqxq, y) =∑qλqf(xq, y), wehavemin
y

f ðPqλqxq; yÞ≥
P

qλq min
y

f ðxq; yÞ,
by substitute f with Tr ðW � ρÞðS�RXy �XRy þXXyÞ �

; xq with
∣ϕqihϕq∣ and∑qλqxqwith ρ inEq. (12), we cangetE0 ≥

P
qλqE∣ϕqi. This then

leads to an analytical bound

w1ϵ
2
1 þ w2ϵ

2
2 ≥ E0 ≥

X
q

λqE∣ϕqi ¼
X
q

λq
2

αq �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2q � β2q

q� �
� EA:

ð16Þ
In comparison, the minimal weighted error corresponding to the

Ozawa’s relation is given by (see Section S6 of the SupplementaryMaterial)

w1ϵ
2
1 þ w2ϵ

2
2 ≥

1
2

αρ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ρ � β2ρ

q� �
� EOzawa; ð17Þ

with αρ ¼ w1ðΔX1Þ2 þ w2ðΔX2Þ2 and βρ ¼ i
ffiffiffiffiffiffiffiffiffiffiffi
w1w2

p k ffiffiffi
ρ

p ½X1;X2�
ffiffiffi
ρ

p k1,
here ðΔX1=2Þ2 ¼ TrðρX2

1=2Þ � TrðρX1=2Þ2.
By choosing f∣uqig as the eigenstates of

ffiffiffi
ρ

p ½X1;X2�
ffiffiffi
ρ

p
, we can get (see

Section S6 of the Supplementary Material for detail)

X
q

λq
2

αq �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2q � β2q

q� �
≥
1
2

αρ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2ρ � β2ρ

q� �
: ð18Þ

The analytical bound in Eq. (16) is thus tighter than the bound obtained
from the Ozawa’s relation. An illustrative example is shown in Fig. 2 with

ρ ¼
p
2 0 0

0 1� p 0

0 0 p
2

0
B@

1
CA;X1 ¼

0 1 0

1 0 1

0 1 0

0
B@

1
CA;X2 ¼

0 �i 0

i 0 �i

0 i 0

0
B@

1
CA:

ð19Þ

The presented framework thus not only extends to scenarios involving an
arbitrary number of observables but also provides improved analytical
bounds in the case of two observables.

Tradeoff relations for multiparameter quantum estimation
We proceed to apply the derived error-tradeoff relations to the field of
quantummetrology, thereby elucidating tradeoffs in the precision limits for
estimating multiple parameters, which is currently a central focus in
quantum metrology.

Given a quantum state ρx, where x = (x1, x2, …, xn) are n unknown
parameters to be estimated, by performing a POVM, {Mm}, on the state, we
can get the measurement result, m, with a probability pmðxÞ ¼ TrðρxMmÞ.
For any locally unbiased estimator, x̂ ¼ ðx̂1; � � � ; x̂nÞ, the Cramér-Rao
bound33,34 provides an achievable bound Covðx̂Þ≥ 1

ν
F�1
C , here Covðx̂Þ is the

covariance matrix for the estimators with the jk-th entry given by
Covðx̂Þjk ¼ E½ðx̂j � xjÞðx̂k � xkÞ�; E½�� denotes the expectation, ν is the
number of the measurement repeated independently, FC is the Fisher
information matrix of a single measurement whose jk-th entry is given by

ðFCÞjk ¼
P

m

∂xj pmðxÞ∂xk pmðxÞ
pmðxÞ

34. Regardless of the choice of the measurement,

the covariancematrix is always lowerboundedby thequantumCramér-Rao
bound as35,36

Covðx̂Þ ≥ 1
ν
F�1
C ≥

1
ν
F�1
Q ; ð20Þ

here FQ is the quantumFisher informationmatrix with the jk-th entry given
by ðFQÞjk ¼ Trðρx

LjLkþLkLj
2 Þ; where Lq is the symmetric logarithmic deri-

vative (SLD) corresponding to the parameter xq, which satisfies
∂xqρx ¼ 1

2 ðρxLq þ LqρxÞ.When there is only one parameter, theQCRB can
be saturated. In particular it can be saturated with the projective measure-
ment on the eigen-spaces of the SLD, i.e., the SLD is the optimal observable
for the estimation of the corresponding parameter.

When there are multiple parameters, the QCRB is in general not
saturable since the SLDs typically do not commute with each other. A
central task in multi-parameter quantum estimation is to understand the
tradeoff induced by such incompatibility23,27,37–70. In a recent seminal work46,
by applyingOzawa’s uncertainty relation, Lu andWang obtained analytical
tradeoff relations for the estimationof apair of parameters. Formultiple (n>
2) parameters, however, if we simply add the tradeoff for each pair of
parameters directly, the obtained tradeoff relation is typically loose, which
restricts the scope of its applications.

Analytical tradeoff relation for multiparameter quantum estimation.
By directly applying the tradeoff relation from Eq. (8), we can readily
obtain a tradeoff relation for estimating multiple parameters by simply
substituting then observableswith then SLDs, {L1,⋯,Ln}. In this context,
SRe corresponds to the quantum Fisher information matrix, FQ. For any

Fig. 2 | Lower bounds for the errors of the simultaneous measurement of two
observables X1, X2 on state ρ with different p, where X1, X2, and ρ are given in
Eq. (19).Here E0 is computed with SDP in Eq. (12), EA is analytically obtained from
Eq. (16) and EOzawa is obtained from the Ozawa’s relation (Eq. (17)). It can be seen
that for the simultaneous measurement of X1, X2, we have E0 ≥ EA ≥ EOzawa.
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POVM {Mm}, we construct {Fj =∑mfj(m)Vm} to approximate the SLDs.
As previously defined, each Vm represents a projective measurement in
the extended space that projects onto Mm when acting on the system.
Given that the error-tradeoff relation in Eq. (8) holds for any choice of the
functions {fj(m)}, we can specifically select

f jðmÞ ¼ 1
2

Tr½fLj � I; ρx � σgVm�
Tr½ðρx � σÞVm�

¼
∂xj pmðxÞ
pmðxÞ

; ð21Þ

where pmðxÞ ¼ Tr½ðρx � σÞVm� ¼ Tr½ρxMm�. This choiceminimizes ϵ2j ¼
Tr½ðFj � Lj � IÞ2ðρx � σÞ� under the given measurement (see Methods).
With this choice we have QRe ¼ FQ � FC , Eq. (8) then becomes

Tr F�1
Q ðFQ � FCÞ

h i
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F
�1

2
Q
~SImF

�1
2

Q

��� ���
F
þ 1

r
� 1

� �2

; ð22Þ

where~SIm ¼Pq
~Suq ;Im with each~Suq;Im equals to either Suq;Im or STuq ;Im, here

ðSuq ;ImÞjk ¼
1
2i huq∣ð

ffiffiffiffiffi
ρx

p � ∣ξ0ihξ0∣Þð½Lj; Lk� � IÞð ffiffiffiffiffi
ρx

p � ∣ξ0ihξ0∣Þ∣uqiwith
f∣uqig as any set of vectors that satisfies

P
q∣uqihuq∣ ¼ I. This then provides

an upper bound on the achievable classical Fisher information matrix as

Tr F�1
Q FC

h i
≤ n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F
�1

2
Q
~SImF

�1
2

Q

��� ���
F
þ 1

r
� 1

� �2

: ð23Þ

In comparison with the previous metrological bounds in refs. 42,43,
the current bound is less stringent. This is because the previous metro-
logical bounds exploit the properties of locally unbiased estimators,
which introduce additional constraints that are not present in the
simultaneous measurement of multiple observables. The bound here is
based only on the characteristics of the SLD observables, reflecting the
inherent uncertainties of the observables. The difference in constraints is
what creates the difference in strictness between the previous bounds and
the current one. This also means that previous metrological bounds
cannot be directly generalized to the uncertainty relations for incom-
patible observables.

SDP-based tradeoff relation for multiparameter quantum estima-
tion. In the scenario of estimating multiple parameters encapsulated in a
quantum state, ρx, with x = (x1,⋯, xn), we can substitute the matrixX in
Eq. (12) with L ¼ L1 L2 � � � Ln

� �y
, here Lq is the SLD for the

parameter xq. Upon choosing the optimal functions fj(m), the real part of
the error matrix becomes QRe ¼ FQ � FC . The derived bound E ≥ E0
then gives a tradeoff relation in multiparameter quantum estimation

E ¼ TrðWQÞ ¼ TrðWQReÞ ¼ Tr½WðFQ � FCÞ�≥ E0; ð24Þ

where we used the property that TrðWQImÞ ¼ TrðW1
2QImW

1
2Þ ¼ 0 since

QIm is anti-symmetric, and here

E0 ¼ min
S;fRjgnj¼1

Tr ðW � ρxÞðS�RLy �LRy þLLyÞ �
subject to Sjk ¼ Skj ¼ Sy

jk; 8j; k
Rj ¼ Ry

j ; 8j
I Ry

R S

 !
≥ 0:

ð25Þ

We can perform a reparameterization by setting ~x ¼ F
�1

2
Q x which leads to

~FQ ¼ I. Under this transformation, we have that

Tr½I � ρxÞ~L~L
y� ¼ Trð~FQÞ ¼ n, where ~L ¼ ~L1 ~L2 � � � ~Ln

� �y
with

~Lj ¼
P

kðF
�1

2
Q Þ

jk
Lk. By setting W = I we can derive an upper bound for

Trð~FCÞ ¼ TrðF�1
Q FCÞ as

Tr F�1
Q FC

� �
≤ max

S;fRjgnj¼1

Tr ðI � ρxÞð�SþR~L
y þ ~LRyÞ

h i
subject to Sjk ¼ Skj ¼ Sy

jk; 8j; k
Rj ¼ Ry

j ; 8j
I Ry

R S

 !
≥ 0:

ð26Þ

This resembles the Nagaoka-Hayashi bound50 but are different. The
Nagaoka-Hayashi bound quantifies Tr½WCovðx̂Þ�, where x̂ is required to be
locally unbiased estimators to satisfy the classical Cramér-Rao bound as
Covðx̂Þ≥ 1

ν
F�1
C . The Nagaoka-Hayashi bound thus has the locally unbiased

condition included in the constraints. And it does not have a direct
connection to the approximation of the observables, which is reflected in the
fact that its objective function does not contain the SLDs. While the bound
here quantifies directly the relation between FQ and FC, without the
intermediate step of estimators, it thus does not have the locally unbiased
condition in the constraints. The presence of the SLD operators in the
objective function underscores an intrinsic connection to observable
approximation, which is absent in the Nagaoka-Hayashi bound.

Sharper tradeoff relation for two-parameter quantum estimation. In
the case of estimating two parameters, a tighter analytical bound can be
derived by substituting (X1, X2) in Eq. (16) with (L1, L2), which results in

w1½ðFQÞ11 � ðFCÞ11� þ w2½ðFQÞ22 � ðFCÞ22�
≥
P
q

λq
2 αq �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2q � β2q

q� �
;

ð27Þ

where λq ¼ huq∣ρx∣uqi; αq and βq are given as

αq ¼ w1ðΔ∣ϕqiL1Þ
2 þ w2ðΔ∣ϕqiL2Þ

2;

βq ¼ i
ffiffiffiffiffiffiffiffiffiffiffi
w1w2

p hϕq∣½L1; L2�∣ϕqi;
ð28Þ

here ∣ϕqi ¼
ffiffiffiffi
ρx

p ∣uqiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
huq ∣ρx ∣uqi

p and Δ∣ϕqiL1=2 denotes the standard deviation of the

SLD L1/2 on the state ∣ϕqi. By selecting ∣uqi as the eigenvectors offfiffiffiffiffi
ρx

p ½L1; L2�
ffiffiffiffiffi
ρx

p
, Eq. (27) provides a tighter bound than the Lu-Wang

bound formixed states46, which is based onOzawa’s relation (see Section S6
of the supplementary material for detail).

Experiment validation of the error-tradeoff relations in a super-
conducting quantum processor
We conducted an experimental verification of the error-tradeoff relations on
a superconducting quantum processor, utilizing the Quafu cloud quantum
computing platform71. The selected processor, ScQ-P136, consists of 136
qubits with single-qubit gate fidelities surpassing 99%71–73, and for our ana-
lysis, we focused exclusively on the first qubit. Further details about the
processor’s architecture and parameters are provided in theMethods section.

To experimentally quantify the error ϵj for each observable Xj when
measured through a specific measurement set {Mm}, we adopt the “3-state
method”74,75. The essence of this approach is illustrated in Fig. 3a, which
involves preparing and measuring three distinct quantum states:

ρ1 ¼ ρ; ρ2 ’ XjρXj; ρ3 ’ ðI þ XjÞρðI þ XjÞ: ð29Þ

By analyzing themeasurement statistics of {Mm} on these three states–ρ1, ρ2,
and ρ3–we can obtain ϵj, the error of the approximation. Detailed infor-
mation on how to determine the error from these measurements can be
found in the Methods section.

https://doi.org/10.1038/s41534-024-00894-x Article

npj Quantum Information |           (2024) 10:98 5

www.nature.com/npjqi


We commence with the simultaneous measurement of the three Pauli
spin operators, f12 σx; 12 σy; 12 σzg, on a single qubit system. The state of the
qubit is first prepared as a pure state, specifically a rotation of the ground
stateby an angle θ around the y-axis followed by a rotationof π2 around the z-
axis, which can be expressed as ∣ψ

� ¼ Rzðπ2ÞRyðθÞ∣0i with 0 < θ ≤ π
2. Before

conducting the experiment, we first substitute the given qubit state and spin
operators into Eq. (12) to derive a tight theorectical lower bound for the total
mean-squared-error ϵ21 þ ϵ22 þ ϵ23. The optimal primal variables of E0 are
recorded as fR?

1;R
?
2;R

?
3g. Leveraging these values, we construct the corre-

sponding optimal measurement scheme fM?
mg (see Sec. S4 of the Supple-

mentary Material for details).
In the experimental phase, we apply the optimal measurement

scheme fM?
mg to the prepared pure state ρ ¼ ∣ψ

�
ψ
�

∣ to approximate
the joint measurement of the three Pauli operators f12 σx; 12 σy; 12 σzg.
The errors for each operator are then estimated using the “3-state
method” by preparing auxiliary states ρ2 ≃ XjρXj and ρ3 ≃ (I + Xj)ρ
(I+ Xj). We carry out this procedure for various values of the rotation
angle θ. The corresponding total mean-squared-errors are plotted in
Fig. 3(b), where simulated results are also presented for comparison.

Next, we proceed to verify our tradeoff relations for mixed states by
simultaneously measuring the three spin operators f12 σx; 12 σy; 12 σzg on a
mixed state of the form ρ ¼ p∣0i 0h ∣þ ð1� pÞ∣1i 1h ∣, where 0 ≤ p ≤ 1. Simi-
larly, prior to the experimental phase, we input the mixed state and obser-
vables into Eq. (12) to derive a theoretical lower bound for the total mean-
squared-error ϵ21 þ ϵ22 þ ϵ23. This is achievedby solving the SDPproblemand
computing its optimal solution. In the context of mixed states, we resort to
numerical methods to determine the corresponding optimal measurements
fM?

mg instead of analytical solutions. These numerically derived optimal
measurements are then applied in the experimental setup to approximate the
joint measurement of the spin operators f12 σx; 12 σy; 12 σzg on the given mixed
state.Oncemore,weutilize the “3-statemethod” tocalculate the total errorsby
preparing auxiliary states:ρ2≃XjρXj andρ3≃ (I+Xj)ρ(I+Xj). This process is
repeated for a range of different mixing parameter values p, and the corre-
sponding total mean-squared-errors are presented graphically in Fig. 3(c),
along with accompanying simulation data for comparison.

Discussion
We have developed methodologies that establish tradeoff relations for
approximating any number of observables using a singlemeasurement, and
we have also refined the existing analytical bounds in scenarios involving
two observables. Eachderived boundhas its unique benefits and drawbacks:
1. The inequality

Tr S�1
Re QRe

� �
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S
�1

2
Re
~SImS

�1
2

Re

��� ���
F
þ 1

r
� 1

� �2

offers an analytical constraint applicable to any number of observables. For
pure states, the selection of f∣uqig is not necessary and the bound outper-
forms the sum of Ozawa’s relations when estimating more than four
observables. However, for mixed states, the tightness depends on the choice
of the set f∣uqigwhere ∣uqihuq∣ ¼ I (see Section S9.A of the Supplementary
Material for an explicit example). Although every selection of f∣uqig pro-
duces a valid bound, there is currently no systematic method available for
identifying the optimal choice. This analytical expression provides a uni-
versal benchmark but might not always yield the most stringent limitation,
especially in complex mixed-state scenarios.
2. The error tradeoff relation E ¼ TrðWQÞ≥ E0 provides the most

stringent bound, where E0 can be efficiently computed using semi-
definite programming (SDP),

E0 ¼ min
S;fRjgnj¼1

Tr ðW � ρÞðS�RXy �XRy þXXyÞ �
subjectto : Sjk ¼ Skj ¼ Sy

jk; 8j; k
Rj ¼ Ry

j ; 8j
I Ry

R S

 !
≥ 0:

This SDP-based approach is universally applicable for any number of
observables and offers a tighter bound than the first analytical relation. For
pure states, this bound is exact, and it outperforms the first bound formixed
states regardless of the choice of the set f∣uqig satisfying

P
q∣uqihuq∣ ¼ I.

Furthermore, it consistently provides a stricter constraint compared to the
sum of Ozawa’s relations in all scenarios. This SDP-based bound does not
have a general analytical expression, necessitating numericalmethods for its
computation.
3. For a pair of observables Xj and Xk acting on the state ρ, we have an

analytical bound given by:

wjϵ
2
j þ wkϵ

2
k ≥
X
q

λq
2

αq �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2q � β2q

q� �
;

where λq ¼ huq∣ρ∣uqi; ∣ϕqi ¼
ffiffi
ρ

p ∣uqiffiffiffiffiffiffiffiffiffiffiffiffiffi
huq ∣ρ∣uqi

p ; αq ¼ wj½hϕq∣X2
j ∣ϕqi � hϕq∣Xj∣ϕ

qi2� þ wk½hϕq∣X2
k∣ϕqi � hϕq∣Xk∣ϕqi2�; βq ¼ i ffiffiffiffiffiffiffiffiffiffiwjwk

p hϕq∣½Xj;Xk�∣ϕqi. This

Fig. 3 | Experimental results for testing the error-tradeoff relations in super-
conducting quantum processor “ScQ-P136” accessed through the Quafu cloud
quantum computation platform. a Scheme diagram to evaluate the mean squared
error of each Xj using the “3-state method''. b Error-tradeoff relations for the
simultaneous measurement of three spin operators, f12 σx; 12 σy; 12 σzg, on a pure state
∣ψ
� ¼ Rzðπ2ÞRyðθÞ∣0i. cError-tradeoff relations for the simultaneousmeasurement of

three spin operators, f12 σx; 12 σy; 12 σzg, on a mixed state ρ ¼ p∣0i 0h ∣þ ð1� pÞ∣1i 1h ∣.
For both cases, the statistics of each measurement was obtained through 2000 shots
and the error bars represent the standard deviations obtained by repeating the
experiment 20 times.
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inequality holds for any choice of f∣uqig satisfying
P

q∣uqihuq∣ ¼ I. Nota-

bly, if one selects f∣uqig to be the eigenvectors of
ffiffiffi
ρ

p ½Xj;Xk�
ffiffiffi
ρ

p
, this bound

is tighter thanOzawa’s relation for mixed states. However, it only applies to
pairs of observables.

Each of the error-tradeoff relations can be directly applied to
assess the precision tradeoffs in multi-parameter quantum metrology.
These relations are valid for local measurements, which involve
independently measuring each copy of the state ρx. When consider-
ing p-local measurements, where the measurement process may
involve collective actions on up to p copies of ρx, analogous tradeoff
relations can be derived by substituting ρx and its set of SLDs {Lj}
with ρ�p

x and the corresponding SLDs for ρ�p
x . In Section S8 of the

Supplementary Materials, we present an illustrative example that
showcases the tradeoff relation under collective measurements. This
paves the way for further exploration into state-dependent mea-
surement uncertainty relations for multiple observables. Moreover, it
reinforces the connection between measurement uncertainty and the
incompatibility inherent to multi-parameter quantum estimation,
thereby promoting deeper investigations across both domains.

Methods
Tradeoff in multi-parameter quantum estimation
By taking the set of SLDs, {Lq}, as the observables,we canobtain the trade-off
relations in multiparameter quantum estimation.

For any POVM M ¼ fMmg, it can be equivalently written as a pro-
jective measurement fVm ¼ UyðI � ∣ξm

�
ξm
�

∣ÞUg on an extended state ρx
⊗ σ with σ ¼ ∣ξ0

�
ξ0
�

∣ such that ðI � ξ0
�

∣ÞVmðI � ∣ξ0
�Þ ¼ Mm. Com-

muting observables, {F1, F2, …, Fn} with Fj = ∑mfj(m)Vm, are then con-
structed from this measurement on the extended Hilbert space to
approximate {L1 ⊗ I, ⋯, Ln ⊗ I}. Note that the tradeoff relations for the
approximate measurement holds for any choice of {fj(m)}, here we make a
particular choice of {fj(m)} to minimize the root-mean-squared error

fϵ2j ¼ Tr ðFj � Lj � IÞ2 ρx � σ
� �h i

g. As

Tr ðFj � Lj � IÞ2 ρx � σ
� �h i

¼ Tr
P
m
f jðmÞVm � Lj � I

� �2

ρx � σ
� �" #

¼ TrðρxL2j Þ �
P
m
pmðxÞ 1

2
Tr½fLj � I; ρx � σgVm�

Tr½ðρx � σÞVm �
� �2

þP
m
pmðxÞ f jðmÞ � 1

2
Tr½fLj � I; ρx � σgVm�

Tr½ðρx � σÞVm �
� �2

;

ð30Þ

here pmðxÞ ¼ Tr½ðρx � σÞVm� ¼ TrðMmρxÞ is the probability for the
measurement result m. The optimal fj(m) that minimizes the root-mean-
squared error is then given by

f jðmÞ ¼ 1
2

Tr½fLj � I; ρx � σgVm�
Tr½ðρx � σÞVm�

: ð31Þ

Wenote thatwhenpm(x) = 0, fj(m) can take the formas 0/0,which should be
computed as a multivariate limit with x0 ! x.

So far we have not used any properties of the SLDs, the formula for the
optimal choice of fj(m) works for any observables12. For the SLDs in parti-
cular, we have

f jðmÞ ¼ 1
2
Tr½fLj � I; ρx � σgVm �

Tr½ðρx � σÞVm �

¼ Tr 1
2ðLjρxþρxLjÞ� σð ÞVm½ �

pmðxÞ

¼ ∂xjTr½ðρx � σÞVm �
pmðxÞ ¼ ∂xj pmðxÞ

pmðxÞ :

ð32Þ

With this optimal choice, we have Fj ¼
P

m

∂xj pmðxÞ
pmðxÞ Vm. The entries ofQRe

can then be obtained as

ðQReÞjk ¼ ReTr½ðFj � Lj � IÞðFk � Lk � IÞðρx � σÞ�
¼ Re Tr½ðFjFkÞðρx � σÞ� � Tr½FjðLk � IÞðρx � σÞ�

n
�Tr½ðLj � IÞFkðρx � σÞ� þ Tr½ðLjLk � IÞðρx � σÞ�

o
:

ð33Þ

Here the first term,

Re fTr½FjFkðρx � σÞ�g ¼ Re Tr
P
m

∂xj pmðxÞ
pmðxÞ

∂xk pmðxÞ
pmðxÞ Vmðρx � σÞ

	 
� �

¼P
m

∂xj pmðxÞ∂xk pmðxÞ
pmðxÞ ;

ð34Þ
equals to the jk-th entry of the classical Fisher information matrix, ðFCÞjk.
While the second term,

Re fTr½FjðLk � IÞðρx � σÞ�g
¼ 1

2 Tr½ðFjðLk � IÞ þ ðLk � IÞFjÞðρx � σÞ�

¼P
m

∂xj pmðxÞ
pmðxÞ Tr½ð12 ðLkρx þ ρxLkÞ � σÞVm�

¼P
m

∂xj pmðxÞ
pmðxÞ ∂xkTr½ðρx � σÞVm�

¼P
m

∂xj pmðxÞ∂xk pmðxÞ
pmðxÞ ;

ð35Þ

also equals to ðFCÞjk. It can be similarly shown that the third term equals to
ðFCÞjk as well. For the last term we have

Re fTr½ðLjLk � IÞðρx � σÞ�g ¼ Re fTr½LjLkρx�g
¼ 1

2 Tr½ðLjLk þ LkLjÞρx�;
ð36Þ

which is just ðFQÞjk. Put the four terms together, we can get
ðQReÞjk ¼ ðFQÞjk � ðFCÞjk. It is also straightforward to see that with the
SLDs as the observables, we have SRe ¼ FQ. The error tradeoff for the
approximate measurement of the SLDs then leads to a tradeoff relation

Tr F�1
Q ðFQ � FCÞ

h i
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F
�1

2
Q
~SImF

�1
2

Q

��� ���
F
þ 1

r
� 1

� �2

; ð37Þ

where~SIm ¼Pq
~Suq ;Im with each~Suq;Im equals to either Suq;Im or STuq ;Im, here

ðSuq ;ImÞjk ¼
1
2i huq∣ð

ffiffiffiffiffi
ρx

p � ∣ξ0
�
ξ0
�

∣Þð½Lj; Lk� � IÞð ffiffiffiffiffi
ρx

p � ∣ξ0
�
ξ0
�

∣Þ∣uqi
with f∣uqig as any set of vectors that satisfies

P
q∣uqihuq∣ ¼ I. This can be

rewritten as

Tr F�1
Q FC

h i
≤ n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F
�1

2
Q
~SImF

�1
2

Q

��� ���
F
þ 1

r
� 1

� �2

: ð38Þ

Evaluate the mean-squared-error using “3-state method”
To experimentally evaluate the errors ϵj, note that for each j,

ϵ2j ¼ Tr½ðρ� σÞðFj � Xj � IÞ2�
¼ TrðρX2

j Þ þ
P
m
f jðmÞ2TrðρMmÞ

�2
P
m
f jðmÞReTrðρMmXjÞ:

ð39Þ

Here, TrðρMmÞ represents the probability of obtaining outcome m in the
measurement, which can be directly obtained from experimental data. To
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evaluate the quantities ReTrðρMmXjÞ, the “3-state method" can be
employed74,75. We can express the terms as

ReTrðρMmXjÞ ¼ 1
2 Tr MmðI þ XjÞρðI þ XjÞ

h i�
�Tr MmXjρXj

� �
� Tr Mmρ

� ��
:

ð40Þ

By performing the measurement Mm on three different states

ρ1 ¼ ρ; ρ2 ¼
XjρXj

TrðXjρXjÞ, and ρ3 ¼
ðIþXjÞρðIþXjÞ

Tr ðIþXjÞρðIþXjÞ½ �, we can estimate the three

terms in the expression above. Assuming that all three terms are non-zero

without loss of generality, we can calculate the optimal value for fj(m) as

f jðmÞ ¼ ReTrðρMmXjÞ
TrðρMmÞ . This value can be directly computed using the obtained

values of TrðρMmÞ and ReTrðρMmXjÞ.
We generalize themethod in the previous work75 to bound the value of

ReTrðρMmXjÞ from noisy experimetal data. Specifically, by taking the
probabilities plðmÞ ¼ TrðρlMmÞjl¼1;2;3 as constraints on the POVM, Mm,
we can bound the value of ReTrðρMmXjÞ within a small interval by com-

puting its minimum and maximum, which can be efficiently computed via
semi-definite programmings as

min =maxRe TrðρMmXjÞ
subject to

P
m
Mm ¼ I;Mm ≥ 0; 8m

SðfTrðρlMmÞ ¼ plðmÞ; 8mjl ¼ 1; 2; 3gÞ
ð41Þ

here SðAÞ denotes the largest subset of A such that all the constraints
therein are independent.

Using the method described, we can evaluate the errors for each
observable using the following equations:

αmin =max
jm ¼ min =maxReTrðρMmXjÞ;

fmin =max
j ðmÞ ¼ αmin=max

jm =p1ðmÞ;
ðϵAj Þ

2 ¼ TrðρX2
j Þ þ

P
m
fmin
j ðmÞ2p1ðmÞ

�2
P
m
fmin
j ðmÞαmin

jm ;

¼ TrðρX2
j Þ �

P
m

αmin
jm

� �2
=p1ðmÞ

ðϵBj Þ2 ¼ TrðρX2
j Þ þ

P
m
fmax
j ðmÞ2p1ðmÞ

�2
P
m
f max
j ðmÞαmax

jm ;

¼ TrðρX2
j Þ �

P
m

αmax
jm

� �2
=p1ðmÞ:

ð42Þ

Denoting ϵmin =max
j ¼ min =maxfϵAj ; ϵBj g, the error ϵj is then bounded in a

small interval ½ϵmin
j ; ϵmax

j � based on the experimental observations. In our
experiment on a qubit system, the interval is typically too small to be visible
and the errors can be approximately determined as ϵj � ϵmin

j � ϵmax
j .

Characterization of the superconducting platform “ScQ-P136”
The experiments are performed on the “ScQ-P136" backend of the Quafu
cloud quantum computing platform71. The parameters of the used qubit are
shown in Table 1. The parameters and architecture of the processor can be
found in Table 2 and Fig. 4.

Table 1 | Parameters of the used qubit in “ScQ-P136”

Qubit index 1

Qubit frequency (GHz) 4.524

Readout frequency (GHz) 6.832

Anharmonicity (MHz) 0.294

Relaxation time, T1 (μs) 22.88

Coherence time, T2 (μs) 19.9

Table 2 | Parameters of the quantum processor “ScQ-P136”

T1 (μs) T2 (μs) FidelityCNOT FidelityQubit

Avg: 34.208 Avg: 17.485 Avg: 0.946

min: 15.17 min: 0.95 min: 0.83 > 0.99

max: 59.1 max: 53.41 max: 0.996

Fig. 4 | Architecture of the quantum processor
“ScQ-P136”. The used qubit is circled.
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